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1 Limits and Continuous functions

Let (a,b) be an interval and f(x) be defined on (a,b) except possibly at ¢ € (a,b). Then we

define the limit of the function f at © — ¢ as follows:

Definition 1.0.1. We say that lim f(x) = L if, for every real number ¢ > 0, there exists a real
Tr—cC
number § > 0 such that
O0<|z—c <d = |f(x)—L|<e. (1.1)
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Figure 1: Limit of f at ¢
Equivalently,

Theorem 1.0.2. The above definition is equivalent to: for any sequence {x,} with x, — ¢, we
have f(z,) — L as n — oo.

Proof. Suppose lim f(z) exists. Take € > 0 and let {z,,} be a sequence converging to c¢. Then
there exists N s{clgilc that |z, — c¢| < d for n > N. Then by the definition |f(z,) — L| < e. That
is, f(zn) — L.

For the other side, assume that x,, - ¢ = f(x,) — L. Suppose the limit does not exist. That
is, there exists ey > 0 such that for any 6 > 0, there is z € |z — ¢| < 4, for which |f(z) — L| > €.
If we choose § = 1 and pick z, € {z : |z, —¢| < 1}, then 2,, — ¢ but |f(2,) — L| > €. Not
possible.

Theorem 1.0.3. If limit exists, then it is unique.

Proof. Proof is easy.
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1
Example 1.0.4. liml (3; - 1) =3 Let € > 0. We have to find 6 > 0 such that (1.1) holds
T—

with L = % Working backwards,

3 2
§|x—1|<e = |m—1|<§e.
So if we take 6 = %e we get
3
lr—1 <6 = |f(m)fL|:§|x71|<e.

Example 1.0.5. Show that

limsinz =0, limcosz =1.
z—0 x—0

These limits can be proved using the basic trigonometric relations like
. opposite

sinf = ——
hypotenuse
We leave this as an exercise. )

Problem: Show that lim sin <) does not exist.

z—0 T

Figure 2: graph of sin (%)

Solution: Consider the sequences {x,} = { } Aynt = {2

1
— ﬂ}. Then it is easy to see
nmw nmw+ 5

1 1
that x,,y, — 0 and sin <> — 0,sin <> — 1. In fact, for every ¢ € [—1, 1], we can find a
In Yn

1
sequence z, such that z, — 0 and sin[ — ] = cas n — oo.
Zn
1.1 Algebra of limits
Let ¢ € (a,b) and f, g are real valued functions defined on (a,b) except possibly at c.

Theorem 1.1.1. Suppose lim f(z) = L and lim g(x) = M, then
Tr—cC Tr—c
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1. im(f(x) £g(z)) = L+ M.

r—cC

2. lim(fg)(x) = LM

Tr—C

3. lim <f> (x) = %, provided M # 0.

Tr—C g

Proof. We give the proof of (ii). Proof of other assertions are easy to prove. Let ¢ > 0. From

the definition of limit, we have d1, d2,d3 > 0 such that

1
lz —c| <6 = ]f(:c)—L|<§ = |f(x)| < N for some N > 0,

|z —c| < 0y = |f(x)—L]<ﬁ, and
|z —c| < 03 = ]g(a;)—M\<%.

Hence for |z — ¢| < 6 = min{dy, d2, d3}, we have

|f(x)g(x) — LM| < |f(2)g(x) — f(x)M]| + |f(x)M — LM|
<|f(@)|lg(x) — M|+ M|f(z) - L| <e.

To prove the second part, W.L.G assume M > 0. Then note that there exists an interval

(¢ — 61,¢+ 61) around ¢ such that g(z) > 4 in (¢ — 81, ¢+ 61). Then the back calculation

11| Jg@) = M| _ 2lg(x) - M|
‘gm M'S Mlg@)] = M?

in (¢ — 61,¢+ d1). Now from the definition of the limit there exists d2 such that

M?2e
2

|lx —c| <6 = |g(z) — M| <

Therefore taking 6 = min{d;, d2}, from the above two steps we get
o <5 = ‘ L ‘ <
T —c —— —|<e
g(z) M

Examples 1.1.2. (i) i}i%xm =0 (m > 0). (i7) iig(l)xsin:c = 0. (1) ig% |z| In(1 + |z]) = 0.

Next we have the following

Theorem 1.1.3. Sandwich theorem: Suppose that f(x),g(z) and h(x) are such that

1. f(z) < Wz) < g(x)

2. lim f(z) =limg(z) = L

r—cC r—cC
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Then lim h(x) = L.

r—C

Proof. Easy to prove. We leave it as an exercise.

Remark 1.1. Suppose f(z) is bounded in an interval containing ¢ and lim g(x) = 0. Then
T—C

lim f(z)g(x) = 0.

Tr—cC

This follows from
|f9(@)] < [f(@)[lg(x)| < M|g(x) — 0

1
Examples 1.1.4. (i) lir% |z|sin— =0 (i7) lir% x[z] where [x] is largest integer function.
r—r X T—

One sided limits: Let f(z) is defined on (¢, b). The right hand limit of f(z) at ¢ is L, if given
€ > 0, there exists 6 > 0, such that

0<z—-c<déd = |f(z)-L|<e

Notation: lim f(xz) = L. Similarly, one can define the left hand limit of f(x) at b and is denoted

z—ct

by lim f(x)= L.
z—b—
Both theorems above holds for right and left limits. Proof is easy.

At this stage, it is not difficult to prove the following:
Theorem 1.1.5. lim f(x) = L exists <= lim f(z)= lim f(x)= L.
T—C z—ct T—c™

Problem: Show that lim S0 — 1.
0—0

Solution: Consider the unit circle centered at O(0,0) and passing through A(1,0) and B(0,1).

B(0,1)

A(1,0)

Let Q be the projection of P on x—axis and the point T is such that A is the projection of T'
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on z—axis. Let OT be the ray with ZAOT = 0,0 < § < 7/2. Let P be the point of intersection
of OT and circle. Then AOPQ and AOT A are similar triangles and hence, Area of AOAP <
Area of sector OAP < area of AOAT. i.e.,

1 1 1
§sin0 < 59 < 5tan9

sin 0 sin @

= 1.

dividing by sinf, we get 1 > > cosf. Now lim cosf = 1 implies that lim
0 9—0+ 6—0+ 0

sin 6

Now use the fact that is even function to conclude.

Limits at infinity and infinite limits:

Definition 1.1.6. f(z) has limit L as x approaches +o0o, if for any given € > 0, there exists
M > 0 such that
r>M = |f(z)-L|<e

Similarly, one can define limit as x approaches —oo.

1 1
Problem: (i) lim — =0, (i) lim —=0. (44) lim sinz does not exist.
T—00 I T——00 I T—00
Solution: (i) and (ii) are easy. For (iii), Choose x, = nm and y,, = § +2nn. Then z,,y, — 00

and sinz, = 0, siny, = 1. Hence the limit does not exist.

Above two theorems on limits hold in this also.

Definition 1.1.7. (Horizontal Asymptote:) A line y = b is a horizontal asymptote of y = f(x)

if either lim f(x) =b or lim f(z)="0.
T—00 T—r—00

1

Example 1.1.8. (i) y =1 is a horizontal asymptote for 1 + 27

Definition 1.1.9. (Infinite Limit): A function f(x) approaches co (f(x) — o0) as x — xq if,
for every real B > 0, there exists 6 > 0 such that

0<l|r—z9| <d = f(x) > B.

Similarly, one can define for —oo. Also one can define one sided limit of f(x) approaching oo
or —oo.

1 1 1
Examples 1.1.10. (7) ilg% pot (44) iig%ﬁsin <x>

. . 1
For (i) given B > 0, we can choose § < 75 1 1
For (ii), choose a sequence {z,} such that sin — = 1, say — = il + 2nm and — = nm. Then

1
lim f(z,) = PR and nlg)go f(yn) = 0, though z,,y, — 0 as n — oo.

n—oo n
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Definition 1.1.11. (Vertical Asymptote:) A line x = a is a vertical asymptote of y = f(x) if
either lim f(x) = £o0 or lim f(z) = Fo0.

z—at T—a

Example 1.1.12. f(x) = i—ig

x = —2 is a vertical asymptote and y = 1 is a horizontal asymptote.

Next we define the continuous functions and study some basic properties of continuous functions.

1.2 Continuous functions

Definition 1.2.1. A real valued function f(z) is said to be continuous at x = c if
(1) ¢ € domain(f)

(i) 2171_>mcf(a:) exists

(iii) The limit in (i1) is equal to f(c).

In short, glg_)mc flx) = f(e).

Sequentially, for every sequence x,, — ¢, we must have f(z,) — f(c) as n — oco. That is, for a
given € > 0, there exists § > 0 such that

[z —cl <6 = [f(x) = flo)] <e

Examples 1.2.2.

2?sin(2) z#0
1. f(x) = @) o7 is continuous at 0.
0 z=0

Let € > 0. Then |f(x) — f(0)| < |22|. So it is enough to choose § = \/e.

Lgind z+4£0 ‘
2. g(x)y=¢"%  ° is not continuous at 0.
0 z=0
1
Choose — = — + 2nr. Then limz, =0 and f(z,) = — — 0.
Ty 2 Ty

Theorem 1.2.3. Let f(x) be a continuous function on [a,b] and let f(c) > 0 for some ¢ € (a,b),
Then there exists § > 0 such that f(x) >0 in (¢ — d,c+6).

Proof. Let e = 3 f(c) > 0. Since f() is continuous at ¢, there exists § > 0 such that
ol <8 = 17(@) ~ 1) < 34
ie., —3f(c) < f(z) — f(c) < 3f(c). Hence f(z) > 5 f(c) for all x € (¢ — 6,¢+ 6).

The following theorem on algebra of continuous functions is an easy consequence.
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Theorem 1.2.4. Suppose f and g are continuous at c. Then
(i) f + g is also continuous at c

(it) fg is continuous at c

(#91) = is continuous at ¢ if g(c) # 0.

Theorem 1.2.5. Composition of continuous functions is also continuous i.e., if f is continuous

at ¢ and g is continuous at f(c) then g(f(x)) is continuous at c.
Corollary 1.2.6. If f(x) is continuous at ¢, then |f| is also continuous at c.

Theorem 1.2.7. If f,g are continuous at ¢, then max(f, g) is continuous at c.

Proof. Proof follows from the relation

1 1
max(f,g) = 5(f +9) + 51f — gl
and the theorems on algebra of limits.

Remark 1.2. For sequences: If f is continuous function and let x,, — o then f(x,) — f(xo)

(here we assumed that x,,xo € dom(f))

Example 1.2.8.

1. (1+1/n)" — e implies (1 +1/n)*" — €2 as f(z) = 22 is continuous on R.

2. n'/™ — 1 implies % — 1/2 as f(z) = {75 is continuous for all x > 0.

1.3 Types of discontinuities

There are three types of discontinuities viz removable discontinuity, jump discontinuity and
second kind discontinuity or often called essential discontinuity.
Removable discontinuity: f(z) is defined every where in an interval containing a except at
x = a and limit exists at © = a OR f(z) is defined also at * = a and limit is NOT equal to
function value at = a. Then we say that f(z) has removable discontinuity at x = a. These
functions can be extended as continuous functions by defining the value of f to be the limit
value at = = a.

sinz g £ ()
Example 1.3.1. f(z) =< * .
0 z=0
Here limit as © — 0 is 1. But f(0) is defined to be 0.

Jump discontinuity: The left and right limits of f(x) exists but not equal. This type of

discontinuities are also called discontinuities of first kind.
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1 <0

-1 x> 0'
Easy to see that left and right limits at O are different.

Example 1.3.2. f(x) =

Infinite discontinuity: Left or right limit of f(z) is co or —oo. This is type discontinuity is

also known as essential discontinuity.
Example 1.3.3. f(x) = % has infinite discontinuity at x = 0.

Discontinuity of second kind: If either lim f(x) or lim+ f(z) or both do not exist, then
Tr—Cc— Tr—cC
c is called discontinuity of second kind. This type of discontinuity also known as essential

discontinuity.

Example 1.3.4. Consider the function

0 z€Q
1 z¢Q

Then f does not have left or right limit any point c. Indeed, if c € Q, then x, = ¢+ % € Q and
yn =c+ 5 & Q. For these sequences, we will have, f(c+ %) and f(c+ T) converges to different
values. If ¢ ¢ Q, then choos x,, € (c,c+ %) NQ and y, = c+ % ¢ Q. For these sequences we

will again get different limit values.
Properties of continuous functions:

Definition 1.3.5. (Closed set): A subset A of R is called closed set if A contains all its limit
points. (i.e., if {xn} C A and x, — ¢, then c € A).

Theorem 1.3.6. Continuous functions on closed, bounded interval is bounded.

Proof. Let f(z) be continuous on [a, b] and let {x,} C [a,b] be a sequence such that |f(z,)| > n.
Then {z,} is a bounded sequence and hence there exists a subsequence {z,, } which converges
to c¢. Then f(xy,,) — f(c), a contradiction to |f(zp,| > ng.

Theorem 1.3.7. Let f(x) be a continuous function on closed, bounded interval [a,b]. Then

supremum and infimum of f are achieved in [a,b].

Proof. Above theoem and the completeness of R implies that Supremum of f is finite Let {z,,} be
a sequence such that f(x,) — sup f. Then {z,} is bounded and hence by Bolzano-Weierstrass
theorem, there exists a subsequence x,, such that x,, — o for some zg. a < x, < b implies
xo € [a,b]. Since f is continuous, f(z,,) — f(zo). Hence f(xo) = sup f. The attainment of

minimum can be proved by noting that —f is also continuous and min f = — sup(—f).

Remark 1.3. Closed and boundedness of the interval is important in the above theorem. Con-
sider the examples (i) f(x) = L on (0,1) (i) f(z) = x on R.

x
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Theorem 1.3.8. Let f(z) be a continuous function on R and let f(a)f(b) < 0 for some a,b.
Then there exits ¢ € (a,b) such that f(c) = 0.

Proof. Assume that f(a) < 0 < f(b). Let S = {z € [a,b] : f(x) < 0}. Then [a,a+ ) C S
for some § > 0 and S is bounded. Let ¢ = sup S. We claim that f(c) = 0. Take z,, = ¢+ %,
then x, € S, z, — c. Therefore, f(c) = lim f(x,) > 0. On the otherhand, note that ¢ — 1 is
NOT supremum. Therefore, there exists a point y, € (¢ — %, ¢) N S. Then note that y, — ¢,
f(e) =lim f(y,) < 0. Hence f(c) =0.

Corollary 1.3.9. Intermediate value theorem: Let f(x) be a continuous function on [a,b]
and let f(a) <y < f(b). Then there exists ¢ € (a,b) such that f(c) =y

Remark 1.4. A continuous function assumes all values between its maximum and minimum.

Problem: (fixed point): Let f(z) be a continuous function from [0, 1] into [0,1]. Then show
that there is a point ¢ € [0, 1] such that f(c) = c.

Define the function g(z) = f(z) — . Then ¢g(0) > 0 and g(1) < 0. Now Apply Intermediate

value theorem.

Application: Root finding: To find the solutions of f(z) = 0, one can think of defining a new
function g such that g(x) has a fixed point, which in turn satisfies f(z) = 0.

1/2
Ezample: (1) f(x) = 23 + 422 — 10 in the interval [1,2]. Define g(z) = (41+—O$> . We can check

that g maps [1,2] into [1,2]. So ¢ has fixed point in [1,2] which is also solution of f(z) = 0.
Such fixed points can be obtained as limit of the sequence {z,,}, where x,, 11 = g(z,,), o € (1,2).
Note that

1
/ —
g < 5.

By Mean Value Theorem, 3 z (see next section)

1
| Tnt1 — Tn| = |g/(z)||xn — Tn—1| < SlXn — Ty
2

Iterating this, we get
1
|Tnt1 — xn| < 27]:61 — x|

Therefore, {z,} is a Cauchy sequence. (see problem after Theorem 1.4.4).
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2 Uniformly continuous functions

Definition 2.0.1. A function f(x) is said to be uniformly continuous on a set S, if for given
€ > 0, there exists § > 0 such that

Here 0 depends only on €, not on x ory.

. i
¥
¥
L+e |
HIN
L—el |1 i ':
S ; i
lc—6 c c+3d

Figure 3: uniform continuity

Examples 2.0.2.

1. f(x) =z is uniformly continuous on R. In this case we can choose § < .

2. f(x) = 2% is uniformly continuous on bounded interval [—b,b].

Note that |2? — y?| < |z + y||lz — y| < 2blz — y|. So one can choose § < .

Remark 2.1. In case of continuous function f(x) = % on (0,1), geometrically one can visualize
that the value of § for the same € depends on the point. Moreover the & becomes smaller and
smaller as we take the point close to 0. But this is only intuition. For getting a mathematical

proof, we need the following

Proposition 2.0.3. Proposition: If f(x) is uniformly continuous function <= for ANY two
sequences {xyn},{yn} such that |z, — yn| — 0, we have |f(zyn) — f(yn)| = 0 as n — oco.

Proof. Suppose not. Then there exists {zy }, {yn} such that |z, —y,| — 0and |f(zn)— f(yn)| > n
for some n > 0. Then it is clear that for e = 7, there is no ¢ for which |z —y| < § =
|f(x) — f(y)| < e. Because the above sequence satisfies |x — y| < d, but its image does not.
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For converse, assume that for any two sequences {z,}, {y,} such that |z, — y,| — 0 we have
|f(xn) — f(yn)] — 0. Suppose f is not uniformly continuous. Then by the definition there exists
€o such that for any § > 0, there exist z,w € |z —y| < § for which |f(z) — f(w)| > e9. Now take

§ = 1 and choose z,, wy such that |z, — w,| < +. Then |f(2,) — f(wn)| > €. A contradiction.
Examples 2.0.4.

1. f(z) =1 is not uniformly continuous on (0,1).

Take x,, = n%rl,yn = 1 then for n large |z, — yn| — 0 but |f(zn) — f(yn)| = 1.

2. f(x) = 2% is not uniformly continuous on R.
Take xn, =n+ L and y, =n. Then |z, —yo| = 2 =0, but |f(zn) — f(yn)| =2+ 5 > 2.

Remark 2.2.

1. It is easy to see from the definition that if f, g are uniformly continuous, then f 4 g is also

uniformly continuous.

2. If f,g are uniformly continuous, then fg need not be uniformly continuous. This can
be seen by noting that f(x) = x is uniformly continuous on R but x? is not uniformly

continuous on R.

Theorem 2.0.5. A continuous function f(z) on a closed, bounded interval [a,b] is uniformly

continuous.

Proof. Suppose not. Then there exists € > 0 and sequences {x,} and {y,} in [a,b] such that
|2, — yn| < 1 and |f(zn) — f(yn)| > €. But then by Bolzano-Weierstrass theorem, there exists
a subsequence {z,, } of {z,} that converges to zg. Also y,, — xo. Now since f is continuous,

we have f(xo) = lim f(zp, ) = lim f(yn, ). Hence |f(xn,) — f(yn,)| — 0, a contradiction.
Example 2.0.6. f(z) = \/x is uniformly continuous on [0, 1]

Using mean value theorem of differentiable functions we will show (in lecture 17) that f(x) =
Va,x € [1,00) is uniformly continuous. Combining these two intervals we can easily see that

vz is uniformly continuous on [0, 00).

2

Example 2.0.7. f(z) = xsinz and f(x) = sinz® are uniformly continuous on any closed

bounded interval [a, b]

Corollary 2.0.8. Suppose f(x) has only removable discontinuities in [a,b]. Then f, the exten-

ston of f, is uniformly continuous.

Example 2.0.9. f(z) = 2% for 2 # 0 and 0 for x =0 on [0,1] has extension

B sinx T 0
foy={ = 7
1 z=0



Calculus lecture notes 13

which is uniformly continuous on [—1,1].

Theorem 2.0.10. Let f be a uniformly continuous function and let {z,} be a cauchy sequence.

Then {f(zy)} is also a Cauchy sequence.

Proof. Let € > 0. As f is uniformly continuous, there exists § > 0 such that

=yl < = [f(z) = fly)l <e

Since {z,} is a Cauchy sequence, there exists N such that
m,n >N = |r, — Tp| <0.

Therefore |f(x,) — f(zm)| < € for all m,n > N.

Corollary 2.0.11. Let I be an open interval f : I — R be a uniformly continuous function. Let

a be an end point of I. Then limit lim f(x) exists.
r—a

Example 2.0.12. f(x) = ;12 is not uniformly continuous on (0,1).

1

n

2 is not. Hence f cannot be uniformly continuous.

The sequence x,, = = is cauchy but f(z,) =n
Example 2.0.13. f(z) =sin(1/x),z € (0,1) is not uniformly continuous.

Theorem 2.0.14. Suppose f is continuous and f' is bounded then f is uniformly continuous.

Proof. By the mean value theorem and boundedness of f’

() = f)l = £ (©)l]z -yl < M|z —y|

Therefore, given € > 0, we can choose d = 57, to conclude uniform continuity.
Example 2.0.15. f(z) =1, 2 € [1,00) is uniformly continuous.

Problem 1. Show that f(x) = \/x is uniformly continuous on [0, c0).

Solution: We divide the domain into two sub intervals, I = [0,1] and Iy = [1,00). Then I;
is closed and bounded interval and f is continuous on I;. On I, f’ is bounded. Therefore f
is uniformly continuous on I; and Is. For concluding the uniform continuity on the union, we

take the 6 = min{dy, d2}.
Problem 2. Show that cosx is uniformly continuous on R

Solution: By the mean value theorem, we get
|cosz — cosy| < |sinc|lz —y| < |z —y|

therefore for any given € we may choose any § < e.
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Remark 2.3. We note that if f, g satisfies
[f(z) = fy)l < Cilz =yl l9(z) — 9(y)| < Colx —yl, Va,y
Then h(z) = f(g(x)) also satisfies
[h(z) = h(y)| < C1Co|z — yl, Vz,y
Examples 2.0.16.
1. f(x) =|sinz|, z € R is uniformly continuous.

2. f(z) = Vlogx, x > 2 is uniformly continuous.

3 Differentiability

Definition 3.0.1. A real valued function f(x) is said to be differentiable at xo if

lim f(zo+h) — f(zo)
h—0 h

exists.

This limit is called the derivative of f at xq, denoted by f'(x).

Examples 3.0.2.

1. f(z) = 2?

2. f(z) =sinz

h
Using the trigonometric identities and the fact that }lliné = 1, we get
_>

sin(x + h) —sinz

!/ — 1
fila) = lim .
sinz cosh + cosxsinh — sinx
= lim
h—0 h

h—1 inh

= (sinx) ’llli)l%) (cosh) + (cosx) ,llli)I%) el

—2sin?(h/2)

= (cosx) lim +cosz-1=0+cosz
h—0

h

Theorem 3.0.3. If f(z) is differentiable at a, then it is continuous at a.

K. Sreenadh
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Proof. For x # a, we may write,

_ f(x) — f(a)
flz) = ($*G)W + f(a).
Now taking the limit 2 — a and noting that lim(x — a) = 0 and lim flz) = fla) = f'(a), we

z—a  (x —a)
get the result.

Theorem 3.0.4. Let f,g be differentiable at ¢ € (a,b). Then f £ g, fg and S (if g(c) #0) is
g

also differentiable at ¢

Proof. We give the proof for product formula: First note that

(fg)(:zi:ifg)(c) _ f(m)g(x;Z;z(C) +g(c) P

Now taking the limit x — ¢, we get the product formula
(f9)'(c) = f(e)g'(c) + f'(c)g(o).

Since g(c) # 0 and g is continuous, we get g(x) # 0 in a small interval around ¢. Therefore

Hence

(f/9)(x) = (f/9)(c) _{ f(x) — f(c) g(x) —9(6)} 1
= q9(c)———=— f(¢o)
g(x

r—cC r —cC r —cC

Now taking the limit z — ¢, we get

Theorem 3.0.5. (Chain Rule): Suppose f(x) is differentiable at ¢ and g is differentiable at
f(e), then h(x) := g(f(x)) is differentiable at ¢ and

Proof. Define the function h as
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Then the function h is continuous at y = f(c) and so h(f(x)) — h(f(c)) = ¢'f(c)). Also

9(y) — g(f(c)) = h(y)(y — f(c))

Therefore,
h(z) —h(c) _ g(f(z)) —g(f(c)) _

r —cC r —cC r —cC

Now taking limit x — ¢, we get the required formula.

Problem 3. Find the derivative of

(1) sin(z?)  (id) e (i) log(e®) (iv) \/logz

Local extremum: A point x = ¢ is called local maximum of f(x), if there exists § > 0 such
that
O0<|z—c<d = f(c)> f(x).

Similarly, one can define local minimum: x = b is a local minimum of f(x) if there exists § > 0
such that
0<|z—0bl<d = f(b) < f(x).

Theorem 3.0.6. Let f(z) be a differentiable function on (a,b) and let ¢ € (a,b) is a local
mazimum of f. Then f'(c) = 0.

Proof. Let § be as in the above definition. Then

B GESICP

x € (c,c+9) P <0
z € (c—d,c) = f(xi—f(C) >0

Now taking the limit = — ¢, we get f’(c) = 0.

Theorem 3.0.7. Rolle’s Theorem: Let f(x) be a continuous function on |a,b] and differen-
tiable on (a,b) such that f(a) = f(b). Then there exists ¢ € (a,b) such that f'(c) = 0.

Proof. 1If f(z) is constant, then it is trivial. Suppose f(z¢) > f(a) for some z¢ € (a,b), then f
attains maximum at some ¢ € (a,b). Other possibilities can be worked out similarly.
Geometrically, for a non-constant differentiable function if f(a) = f(b) at some a,b then there

exists a point ¢ € (a,b) such that the slope at ¢ is parallel to z-axis.

Theorem 3.0.8. Mean-Value Theorem (MVT): Let f be a continuous function on [a,b] and
differentiable on (a,b). Then there exists ¢ € (a,b) such that
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>
f(a)=f(b)

v

Figure 4: Rolle’s theorem

f()

fl@y 0

v

Figure 5: Mean value theorem

Proof. Geometrically, from the figure 5,

But tan 6 is equal to f/(c) for some ¢ € (a,b).
Formally, we can prove this by taking [(x) the straight line joining (a, f(a)) and (b, f(b)). Con-
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sider the function g(z) = f(z) — I(z). Then g(a) = g(b) = 0. Hence by Rolle’s theorem

Corollary 3.0.9. If f is a differentiable function on (a,b) and f' =0, then f is constant.

Proof. By mean value theorem f(z) — f(y) = 0 for all z,y € (a,b).

Problem 4. Suppose a sequence defined by xn11 = f(xn),n > 1,20 € domain of f and if
|f'(x)] <a <1 forall x, then show that {x,} converges.

As a consequence of the MV'T,

[Znt1 = an| < [f(@n) = F(@n-1)| < [F(O)ll2n — 2n-1] < alzn — 20
Therefore {z,,} is a Cauchy sequence and hence converges.

1/2
Example 3.0.10. Let g(x) = (%) on [1,2] and the sequence defined by x1 € (1,2), Tpy1 =

g(xp),n € N converges.

Definition 3.0.11. A function f(x) is strictly increasing on an interval I, if for x,y € I with
x <y we have f(x) < f(y). We say f is strictly decreasing if x <y in I implies f(x) > f(y).

Theorem 3.0.12. A differentiable function f is (i) strictly increasing in (a,b) if f'(z) >0 for
all x € (a,b). (i7) strictly decreasing in (a,b) if f'(x) < 0.

Proof. Choose z,y in (a,b) such x < y. Then by MVT, for some ¢ € (x,y)

Hence f(z) < f(y).
Example 3.0.13. Find the intervals where the following function is increasing and decreasing

3

fl@) = 2¥(z - )

4 Taylor’s theorem

Let f be a k times differentiable function on an interval I of R. We want to approximate this
function by a polynomial P,(z) such that P,(a) = f(a) at a point a. Moreover, if the deriva-
tives of f and P, also equal at a then we see that this approximation becomes more accurate
in a neighbourhood of a. So the best coefficients of the polynomial can be calculated using
the relation f*)(a) = PT(Lk) (a),k =0,1,2,...,n. The best is in the sense that if f(z) itself is a
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polynomial of degree less than or equal to n, then both f and P, are equal. This implies that

A ()
the polynomial is kz I
=0

of a. From this, we also expect the R, (z) — 0 as x — a. In fact, we have the following theorem

(z —a)®. Then we write f(x) = P,(z) 4 Rn(z) in a neighbourhood

known as Taylor’s theorem:

Plot of sin(x) and its Taylor polynomials

— x—x3[314+x5/51

sin(x)
o

<— sin(x)
1t i
-2 ' x—x316
3} i
_4 L L L L L
—pi —pi/2 o] pi/2 pi

Figure 6: Approximation of sinz by Taylor’s polynomials

Theorem 4.0.1. Let f(z) and its derivatives of order m are continuous and f("+1)(x) exists

in a neighbourhood of x = a. Then there exists ¢ € (a,z)( or ¢ € (x,a)) such that

(x —a)™

F&) = F(a) + F@)(e— ) 4 ot £ 0 R ()
_ ") m
where Ry, (x) = m(w — )™t
Proof. Define the functions F' and g as
(m)
F) = f@) ~ 1) ~ @)~ 1) — o~ T Dy
I — m+1
s =Fw - (222) Fl),

Then it is easy to check that g(a) = 0. Also g(x) = F(x) = f(x) — f(x) = 0. Therefore, by

Rolle’s theorem, there exists some ¢ € (a, x) such that

(m+1)(x —c)™
(x — a)m+!

g (c)=0=F'(c) + F(a).
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On the other hand, from the definition of F',

(m+1) (.
F'(c) = —fm!()(x — o™

(x —a)™*
(m+1)!
Examples 4.0.2.

Hence F'(a) = f (m+1)(¢) and the result follows.

1. If f(x) =¢€" anda =0
Then f((0) =1 for all n. Hence the Taylor polynomial is 1 +x + é—? + %f + ot ﬂ. The

c_ "

remainder term is Ry(x) = e (n+10'

of .

, for some ¢ € (0,x) or (x,0) depending on the sign

2. If f(x) =sinz and a =0
0 n=0,23,4,..
Then f™M(0)=41 n=1,57,..
-1 n=3,7,..
Hence the Taylor’s polynomial is x — %? + %? + ...+ (—)”% The remainder term is
Ropt1(z) = (2n+2), sin(c + M) c € (0,z) or (x,0) depending on the sign of x.

3. If f(x) = cosx and a = 0.
( )'n 2n

Then the Taylor polynomial is 1 — 3y 4z I et @)1 . The remainder term is Roy(x) =

2n+1m
(2n+1)!

cos(c +

),c € (0,z) or (z,0) depending on the sign of x.

Problem 5. Find the optimal (least) order n of Taylor polynomial P, about x = 0 to approxi-

mate €* in (—1,1) so that the mazimum absolute error is not more than 0.005

Solution: We know that p,(z) =1+z+ ... + % The maximum error in [-1,1] is

1
Rna)| < gy o Ja e <

(n+ 1)1
So n is such that =Syl ) < 0.005 or n > 5. so the required optimal order is of polynomial 5.

Problem 6. Find the interval of validity (rounded off to 2 decimal places) when we approzimate

cosz with 2nd order polynomial with mazimum absolute error less than 102,

Solution: Taylor polynomial of degree 2 for cosx is1— —2 So the remainder is (sin ¢) 3?. Since
|sinc| < 1, the error will be atmost 10~% if |4} ] <1074 Solvmg this gives |z| < 0.084.

Maxima, Minima and second Derivative test

Definition 4.0.3. A point = a is called critical point of the function f(x) if f'(a) =
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Second derivative test: A point x = a is a local maxima if f'(a) =0, f”(a) < 0.

Suppose f(z) is continuously differentiable in an interval around x = a and let © = a be a
critical point of f. Then f’(a) = 0. By Taylor’s theorem around z = a, there exists, ¢ € (a,x)
(or c € (z,a)),

£@) - fla) = T a2

If f”(a) < 0. Then by the continuity of f”, there exists § > 0 such that f”(¢) < 0in |z —a| < .

Hence f(x) < f(a) in |z — a| < 0, which implies that = = a is a local maximum.

Similarly, one can show the following for local minima: z = a is a local minima if f'(a) =

0, f"(a) > 0.

Also the above observations show that if f/(a) = 0, f”(a) = 0 and f®)(a) # 0, then the sign of
f(x) — f(a) depends on (z — a)3. i.e., it has no constant sign in any interval containing a. Such

point is called point of inflection or saddle point.

We can also derive that if f'(a) = f”(a) = f®)(a) = 0, then we again have = = a is a local

minima if f®*(a) > 0 and is a local maxima if £ (a) < 0.

Summarizing the above, we have:

Theorem 4.0.4. Let [ be a real valued function that is differentiable 2n times and f3™ is

continuous at * = a . Then

1. If fR)(a) =0 for k =1,2,...2n — 1 and f@"(a) > 0 then a is a point of local minimum
of f(z)

2. If f®)(a) =0 for k =1,2,...2n — 1 and f®(a) < 0 then a is a point local mazimum of
f(z).

8 If fB) =0 for k=1,2,...2n — 2 and f**=V(a) # 0, then a is point of inflection. i.e., f

has neither local maxima nor local minima at © = a.

L’Hospitals Rule:
Suppose f(z) and g(z) are differentiable n times, f(, ¢g(™ are continuous at a and f*)(a) =
g®)(a) =0 for k=0,1,2,....,n — 1. Also if g™ (a) # 0. Then by Taylor’s theorem,

lim M = lim f(")(c) = f(”)(a)

r—a g(x) r—a g(”) (c) - g(”) (a)

In the above, we used the fact that (™ (x) # 0 "near z = ¢” and g™ (c) = g™ (a) as z — a.
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Similarly, we can derive a formula for limits as  approaches infinity by taking x = %

lim ——= = lim = lim = lim

flo) o fQ)y) . (A Ay ()
z—oo g(x)  y=0g(1/y) =0 (=1/y?)g'(1/y)  2—0c0 ¢'(x)

Taylor Series:

Suppose f is infinitely differentiable at a and if the remainder term in the Taylor’s formula,
R, (z) — 0 as n — co. Then we say that the Taylor Series converges to the function f(x) at the

point . So we may write

o rmn)(g
=3 Wy (42)

For a fixed x, the above infinite sum is a series of real numbers. One can independently check
the convergence of such series by the convergence tests. However that does not confirm if the
series is equal to f(z). The series on the RHS of (4.2) is called Taylor series of f(z) about the
point a.

In some cases it is easy to verify this. For example,

Suppose there exists C = C(z) > 0, independent of n, such that [f™(z)] < C(z). Then
|JI _ a|n+1
(n+1)!
|x —al < N. Letq::% < 1. Then

|R,(z)] — 0if lim = 0. For any fixed z and a, we can always find N such that
n—oQ

(:Ufa)”Jr1 B |z —a|| ||z — a |z —all| ||z — a | — al
m+D! | | 1 2 N -1 N n+1
’x — a|N_1 n—N+2
(N —1)!

— 0 as n — oo thanks to ¢ < 1.

In case of a = 0, the formula obtained in Taylor’s theorem is known as Maclaurin’s formula and

the corresponding series that one obtains is known as Maclaurin’s series.

Examples 4.0.5.

1. f(x) =¢€".
xn+1 .,L.n+1 xn+1
In this case Ry (z) = T 1)'f(”“)(c) = T 1)'ec = T 1)'80:8, for some 6 € (0,1).
Therefore for any given bounded interval I fixed,
xn—i—l o ’l,|n+1
| Ry (z)| = CES] =00 — 0 asn — 0.
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Therefore
o0 :L‘n
e’ = Z py (with convention of 0! = 1).
n=0
2. f(z) =sinz.

In this case it is easy to see that

’x‘QnJrl

|R,(2)| < l\sin(c+ n?ﬂ)|—>0a5n—>oo.

(2n+1)

Now use the fact that |sinz| < 1 and follow as in example (i). Hence,

oo x?n—i—l
N
S nz:%( Va1

Definition 4.0.6. An infinitely differentiable function f(x) is called Real analytic at x = a if

the function has Taylor series expansion: There exists R > 0 and

n

2 (n)(g
@) =3 Dy e g <r
n=0

Note that the series in the RHS may converge but not equal to f(x). So to say that the func-

tion has its Taylor series we need to first check the remainder term R,,(z) goes to zero as n — 0.

We state the following characterization of real analytic functions. The proof is beyond the scope

of this course.

Theorem 4.0.7. The following are equivalent
1. f(x) is real analytic at x = a

2. For every small interval I containing a, there exist constants r > 0 and C > 0 such that
for all k € NU{0}:
k!
‘f(k)(:n)‘ < C’r—k forallx € I.

(2) = (1): The remainder of Taylor’s theorem R,, can be estimated as

| R ()] < a|"*!

— Tn—i—l

\:r—a] n+1 .
=C|—— = 0if |z —al <.
r

|z —

As examples, we have already seen that e®,sinz,cosx satisfy the hypothesis(see the example

above).
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Example 4.0.8. Consider the function defined by

e Vr x>0
0 z <0.

fz) =

This function is infinitely differentiable and all its derivatives at 0 are equal to zero. So the
Taylor series at zero identically zero. But the function is not identically equal to zero in any

interval containing zero.

5 Power series

Motivation: One of the motivation to study power series from the integration point of view is

1
/ ztdx
0

From our understanding of functions we can see that z* is continuous in [0, 1]. We may write

1 1
/ zdr = / evloeT gy
0 0

Now using the Taylor series of exponential function, we may write

when we want to find the value of integral

n!
n=0

Therefore the integral becomes

oo
/1 6wloga¢ _ /1 Z x"(logw)ndx
0 0 =0 TL'
So IF WE CAN interchange the operation of integration and infinite sum then this is equal to
1 | 0 1 1
zlogx __ - n n
/0 e _Zn!/o " (logz)"dx
n=0

This integral can be evaluated easily using integration by parts and one can get the value equal

/0 Cwtdy i (_n?n

n=0

to

This is an alternating series and converges (using Dirichlet test.) In this lecture our aim is to
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study the problem of the calculus of functions that are expressed as infinite series as above.

Motivation 2: Suppose we want to construct a continuous function that is equal to 0 for x < 0
and is equal to 1 for x > 0. Then we can simply fill the interval by straight line joining 0 and
1. Then we ask if we need the function to be differentiable also. Then we can try to construct
a polynomial that satisfies the conditions of left and right derivatives to be zero at 0 and 1
and f(0) =0, f(1) = 1. Such a polynomial is of degree miniumum 3. This way, if we want m
times differentiable function, then we can try a polynomial of very high degree say 2m. Now
we ask the question: Does there exists infinitely differentiable function?, If there is one, then it
cannot be any polynomial. The intuition suggests that we need a function with infinite degrees
of freedom say ag + ajx + agx® + -+ + apa™ + - - - leading to the study of functions that are of
infinite series. Indeed such a function exists and is of the exponential nature.

This raises a question of if we write a series Y a,x™ then is this series is finite always for

any x # 07. The answer is NO. for example

Example 5.0.1. Consider the series Y oo (n!)az™. Then the n'h term (n!)z™ does not approach

zero for any x # 0. So this series is not finite for any x # 0.

The above example motivates one to study the set of points x for which an infinite series

> apz™ is finite.

oo
Definition 5.0.2. Given a sequence of real numbers {an}22 ), the series Y an(x—c)" is called
n=0
power series with center c.
It is easy to see that a power series converges for x = c¢. Power series is a function of « provided it
converges for x. If a power series converges, then the domain of convergence is either a bounded
interval or the whole of R. So it is natural to study the largest interval where the power series

converges.
Remark 5.1. If > a,x™ converges at x =r, then > apz™ converges for |z| < |r|.
Proof. We can find C' > 0 such that |a,r"| < C for all n. Then

n n
lanz™| = |anr"| ‘f‘ <C ‘E .
T r

Conclusion follows from comparison theorem and the fact that ¢ := % < 1 and the series ) ¢"
is a geometric series.

o0 1
Theorem 5.0.3. Consider the power series . apx™. Suppose f = limsup v/|a,| and R = 3
n—oo

n=0
(We define R=0if B =00 and R=o00 if 3=0). Then

oo
1. > apx™ converges for || < R
n=0
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o0
2. Y apx™ diverges for |x| > R.

n=0

3. No conclusion if |z| = R.

Proof. Proof of (i) follows from the root test. For a proof, take ay,(z) = an2™ and a =

limsup {/|ay|. For (ii), one can show that if |z| > R, then there exists a sub-sequence {ay}

1
such that a,, 4 0. Notice that a = B|z|. For (iii), observe as earlier that the series with a,, = —
n
1
and b, = — will have R = 1.
n
Similarly, we can prove:
= a 1
Theorem 5.0.4. Consider the power series Zanx”. Suppose B = lim |—L| and R = —
n—oo | ap 15}

n=0
(We define R=0 if B =00 and R=o00 if $=0). Then

o0
1. 3 apx™ converges for |x| < R
n=0

o0
2. > apx™ diverges for |z| > R.

n=0

3. No conclusion if |z| = R.

Definition 5.0.5. The real number R in the above theorems is called the Radius of convergence

of power series.

Examples 5.0.6. Find the interval of convergence of

(i) Z% (iz’)zg (iii) 27"

a
1. B = lim "= lim = 1, and we know that the series does not converge for
n—oo | ap n—oon + 1
x =1, but converges at x = —1. So the interval of convergence is [—1,1).
a
2. B = lim "= lim = 0. Hence the series converges everywhere. The interval
n—00 | O n—oo N +

of convergence is R.

3. To see the subsequent non-zero terms, we write the series as 22_”(:53)” = 22_”@/”.
For this series 3, = limsup y/|a,| = 271 Therefore, 8, = 2713 and radius of convergence
R =213 It diverges at y = 2 and at the other end point y = —2 it diverges (why?!).

2m n is even

Problem 7. Find the radius of convergence of the series Y anz™ where a,, =
2=l n s odd
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Here
Gnt1 4 neven
Gn 1 nodd
a a a
Then lim sup " — 4 and liminf |22 | = 1. Hence the limit of |~ | does not exist. But
n—o0 Qn n—=oo | ap Qn

lim sup |an|% = 2 (check!). So the radius of convergence of the series is 3
n—oo

Theorem 5.0.7. Continuity of power series: The function f defined as power series
f(z) = Zanx", |z| < R
15 continuous at x = 0.

Proof. Proof follows from the following important estimate: For any |z| <r < R
oo o0 oo
(@) —aol <D lanllz]™ <[] Y lanllz[*" < |2 Y fan]lr[*"
n=1 n=1 n=1

Since the power series converges, it is not difficult to show for any r < R the series Y o2 | |a,|[r["~?

converges to S(say). Then
|f(z) —agl < |z|S — 0.as |z| = 0.
Theorem 5.0.8. Suppose Y apz™ =) bya", |z| < R then a, = by, for all n.

Proof. By continuity, taking z — 0, we get ag = by. Now assume by induction a,, = b, for all

n=0,1,2,...k. Then by trivial cancellation on both sides we get
g1 + Qg2 + oo = b1 + Do + ...

then again by continuity, we get ag+1 = bgr1-

The following theorem is very useful in identifying of some Taylor series.

o0
Theorem 5.0.9. (Term by term differentiation and integration): Suppose f(x) = > apz™
n=0

converges for |x| < R. Then

o0
1. Znana}”_l converges in |x| < R and is equal to f'(x).
n=0

€T
2. Z n_pn+1 converges in |x| < R and is equal to / f(t)dt.
0
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From this theorem one concludes that a power series is infinitely differentiable with in its radius
of convergence. Now it is natural to ask weather this series coincides with the Taylor series of
the resultant function. The answer is yes and it is simple to prove that if f(z) = > a,z™, then

n)

( . . .
an = “-. The above theorem is useful to find Taylor series of some functions.

Problem 8. Find the Taylor series of f(x) = tan~!x about x = 0 and domain of its conver-

gence.

Consider the function ¢(z) = 14%95 Then by Taylor’s theorem

1 2 3 n,.n n+1 xn+1
=1- - (=1 -1 —_—
1+x zhat—at (1) 4 () 1+ c)n+2
Hence for z € (0,1), we get ¢ > 0 and the Remainder term
wn+1 1
n
[Rn(2)| < ‘(14‘0)’”2 <z =0
On the other hand if we look for convergence of the Taylor series of H%
o0
> (=Dt
n=0

We can easily see that the radius of convergence is 1 and the series converges x = 1 and diverges
at x = —1. Hence the series converges in (—1,1]. Now using the above theorem on term by

term integration, we get

1 Y odx v 9 4 3 b
tan™ " x = 5 l—-z42"+..=0——+ —+ ...
0 14—$ 0 5

It is easy to check that the Radius of convergence of this series is equal to 1 (Try!). At the end
point = —1, 1 this series is an alternating series that converges (check). Also, at the end point
r = 1 we get interesting sum

1 1 1

l— -4 - ——+..=tan (1) =

0
3 5 7 4’

Though the function tan™! z is defined on all of R, we see that the power series converges on

[~1,1].

Example 5.0.10. Show that log(1 + z) =z — %2 + ”’%—3 + ... for all z € (—1,1].

By integrating the series term by term f(z) = H% use the seris expansion of H% for |x| < 1
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and integrate it to obtain

| x 1 p T 9 3 122 CL‘3
1 = ——dt = 1—t+t=—t =4+ —+ ...
og(l+ x) T /0 [ + + ] T 5 + 3 +

At the end points, one can use Abel’s test to check the convergence of alternating series.

Proof of Theorem 5.0.9: Let fi(z Znanx” ! |z| < R and since f(x)converges for|z| <

R, we can choose H such that |z|+ H < R.Then for|h| < H and|z| < R, we have

- ian{(x+h)"—w"—nhmn—1}‘

n=2
\h| ol L W
Z| n|2 lz|" " H
n=2 =2
h| T
< HQ;OIan\(WHH) = ﬁM

o0
where M = Z |an|(|x| + H)"™ which converges since |z| + H < R. Letting h goes to zero, we get

n=0
_fle+h) - flx)
}lbg% . = f1(z) for || < R
To prove the term by term integration formula,we define F'(z) = Z (i:l 1 2", Then apply (1)
n

for F.

From this theorem one concludes that a power series is infinitely differentiable with in its radius
of convergence. We note that the power series may converge to a function on small interval, even
though the function is defined on a much bigger interval. For example the function log(1 + x)
has power series that converges on (—1, 1] but log(1 + x) is defined on (—1,00). This is due to

the fact that the domain of convergence of power series is symmetric about the center.



