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1 Double integrals

Let f(z,y) be a real valued function defined over a domain Q C R2. To start with, let us
assume that €2 be the rectangle R = (a,b) X (¢,d). We partition the rectangle with node

points (x, yx), where
a=x1<x2< .., Tp=">0, and c=y1 <yo < ..., Y = d.

Let R, be the small sub-rectangle with above vertices. Now we can define Upper and lower

Riemann sum as

U(P,, f) = ZSUpf T, y)| Ry

n,m nm

and

L(anf) = Zénf f(m,y)|an|

n,m

where | Ry, | is the area of the rectangle R,,,. Here we may define the norm of partition P,

as | Py|| = max/|z; — xi_1|?> + |y: — yi_1|?>. Then by our understanding of definite integral
7

we can define the upper, lower integrals and f(z,y) is integrable if and only if
inf{U(P, f) : P} =sup{L(P, f) : P}.

The definite integral is defined as
J[ f@aa =t (p.g): Py =sup{L(P ) P}

It can be shown that / flx,y)dA = lim S(Pn,f) where S(P,, f) = Zf Tk, Yk ) | Rnm|-
Q

1Pall= o

We have the following Fubini’s theorem for rectangle:

Suppose f(z,y) is integrable over R = (a,b) X (¢, d), then

/ﬂﬂmwmzL%l?@@@)mzfxlvmmm)w

In case of f(z,y) > 0 we may interpret this as the volume of the solid formed by the

surface z = f(x, y) over the rectangle R. This is precisely the "sum” of areas of the cross

section A(z / f(z,y)dy between z = a and = = b. Since x varies over all of (a,b), this

sum is nothing but the integral / A(z)dx
a

For any general bounded domain €2, we can divide the domain into small sub domains €} and

consider the upper, lower sum exactly as above by replacing R, by ;. Then a function
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f(z,y) : @ — R is integrable if the supremum of lower sums and infimum of upper sums exist

and are equal. We may define

//Q f(z,y)dA = ;i{&ozk:f(xkayk)mk’

The basic properties of the definite integral like integrability of f + g, kf and domain

decomposition theorems holds in this case also.

We call a domain as y-regular if Q = {(z,y) : a < =z < b,gi(x) < y < ga(z)} for some
continuous functions g1, go. Similarly, Q is z-regular if Q@ = {(z,y): c <y < d,h1(y) <z <
ha(y)}. A domain is called regular if it is either z-regular or y-regular. Then we have the

following Fubini’s theorem for regular domains.

Theorem 1.0.1 Let f(z,y) be continuous over €.

1. If Q is y-regular, i.e.,Q = {(z,y) : a < x < b, g1(x) <y < ga2(x)}. Then

J[ i | b ( / (()) f(:c,y>dy> dr.

2. If Q is x-regular, i.e.,Q = {(z,y) : c <y < d,hi1(y) <x < ha(y)}. Then

J[ remaa= | ' ( / h(j) f(sc,y>d:c> dy.

This theorem basically says that if a function is integrable over a domain €2, then the value
of integral is does not depend on order of integration. That is we can integrate with respect

to z first followed by ¥y or vice versa.

Example 1.0.1 FEvaluate the integral /(IL‘ + y + xy)dA where § is the triangle bounded by
Q
y=0,z=1andy ==z.

Solution: The triangle is regular in both z and y. The given triangle is
{@y):0sz<losy<ap={(ry):0<sy<wzy<z<l}

Therefore, taking it as y— regular we see that the domain is bounded below by y = g;(x) =0

and above by y = ga2(x) = x over x = 0 to = 1. Hence,

//Q(a:erJra:y)dA = x:1 (/yio(x+y+xy)dy> dx

2 3

1

9 T T 15
- YT Ve = 22
/0(x+2+2)m 24
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Similarly, taking it as x— regular, we see that the domain is bounded below y z = hi(y) =y

and above by z = ha(y) = 1 over y = 0 to 1. Hence

//Q(w—i-y—&-wy)dA:/yio (/xl:y(x—i-y+xy)dac> dyzg

Example 1.0.2 FEwvaluate the integral // (2+4x)dA where Q is the domain bounded by y = x
Q

and y = x2.

Solution:

//9(2 + 4z)dA = ;0 </y;2(2 + 4x)dy> dx

1
:/ (22 4 22° — 423)dz = 2/3
0
1 VY
On the other hand, this is also equal to / / (2+4z)dz | du.
y=0 \Jz=y

Remark 1.0.1 1. Whenf(xz,y) = 1, then we approximate the area of Q as A ~ ), Q =
> oi f(@r, yi)| Q| where f = 1. By the definition of Riemann integral this sum converges
to [[odA as || P,|| — 0.

2. As discussed in the beginning, when f(x,y) >0, the [[ f(z,y)dA is the volume of the
solid bounded above by z = f(x,y) and below by Q.

Problem 1.0.1 Find the area bounded by y = 22% and y? = 4z.

Solution: The two parabola’s intersect at (0,0) and (1,1). Hence the area is

//2 dydw—/1(2f—2x2)dx—§.

Problem 1.0.2 Find the volume of the solid under the paraboloid z = x> + y* over the
bounded domain R bounded by y = x,x =0 and x + y = 2.

Solution: The domain of integration R is Y-regular bounded above by x + y = 2 and below
by y = = with x varying over (0, 1).

V= // 2 +y2)dA = / </y 2 +y2)dy>dx
:/0 3+y;c2525—xdm:/01(;((2_:6)3—x3)+x2(2—2m))dx

Problem 1.0.3 Find the volume of the solid bounded above by the surface z = 2% and below

by the plane region R bounded by the parabola y =2 — 22,y = x.
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Solution: The points of intersection of y = x,y = 2 — 22 are x = —2,1. So R = {(z,v) :
—2< <1,z <y<2-— 2%} Therefore,

1 2—g? 1
V= / / 22dyde = / 232 — 2? — x)dx
r=—-2 Jy=x —2

Consider the evaluation of integral [[, Si%dA over the triangle formed by y = 0,2 = 1 and

Change of order

y = x. Since the can be extended as continuous function over R, by the basic properties of
Riemann integral the function is integrable. Now by Fubini’s theorem, the value of integral
does not depend on the order of integration. As we noted earlier R is regular in z and y. If

we take it as x regular, then R = {(z,y) : 0 <y < 1,y < x < 1} and try to evaluate the

. 1 1 .
// smdi:/ (/ sm:):dx> dy.
R Z 0 z=y <

This is singular integral and difficult to evaluate.

integral, then

But when we consider R to be y-regular, we see that R = {(z,y): 0 <2z < 1,0 <y < z}.

Then the given integral is

: 1 T : 1
// Sm:vdA:/ / Smmdyd:n:/ sinzdr =1 —cosl
R T 0 Jy=0 T 0

At times this technique can be used to evaluate some complicated definite integrals, for

example,

Problem 1.0.4 FEwaluate the integral fooo %d:ﬁ, a,b> 0.

Solution: This integral is equivalent to

oo ,—ar __ ,—bx (o) b
/ A / </ e‘rydy) dx
0 €z 0 a

The domain of integration is the infinite strip {(z,y) : 0 <z < 00, a < y < b}. Changing the

order of integration, we get

[ (o)=L oo

:lné
a

1.1 Double integrals in Polar form

Suppose we are given a bounded region whose boundaries are given by polar equations, say
fi(r,0) = 0, fo(r,8) = 0. Then we divide the region into smaller ”polar rectangles” whose

sides have constant r, # values.
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Suppose f(r,0) is defined over a region R defined using the polar equations, R : o < 6 <
B,91(0) <r < g2(f). Then we divide the r range by Ar,2Ar, .....,mAr and a,a+ A6, .....ac +
m/Af = 5. Let AA be the polar rectangle with sides rp — Ar/2, 7 + Ar/2 and a + kA6, a +
(k + 1)A6. Then we define the Riemann sum as

Sn =Y f(re,00) AAL.
k

The area of small ”polar rectangle” Ay is
AA, = area of outer sector — area of inner sector = rpyArAg.

As ||P,|| — 0,we get

=> f(ri,0 rkArAO%//frﬁrdrdH

k

Problem 1.1.1 Find the area common to the cardioids r =1+ cos€ and r =1 — cosf.

Solution: Since the region is symmetric with respect to x -axis and y-axis, the required area

w/2 pl—cosf
A —4/ / rdrdf
0
2

7r/ w/2
:4/ ~(1—2cos6 + cos?0)dh = 2(= — 2 +/ cos? 0d6)
0 2 2 0

is

Problem 1.1.2 FEvaluate // 3ydA where R is the region bounded below by x-axis and above
R
by the cardioid r =1 — cos@.

Solution: The given integral is equivalent to

1—cos 6
/ / 3ydA = / / rsin Ordrd6.
0=0 Jr

Problem 1.1.3 Ewvaluate I —/ e de.
0

Solution: Recall that 2] = I'(3). Using the Fubini’s theorem, we may write

([ ([ era)- [ e

Where the integration is over the first quadrant (0, 00) X (0,00). So representing this in polar

form we integrate over {(r,0) : 0 <r < 00,0 < 6 < §}. Therefore, the above integral becomes

w/2 foo
/ / e " rdrdf = z.
0 0 4
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2 Triple (Volume) integrals

Let f(z,y, z) be a real valued function defined over a closed and bounded region of space R3.
For example the solid ball or rectangular box. Now we want to define the definite integral of
f(z,y, z) over such regions.

We partition the region by small planes parallel to the coordinate axes. Then we obtain small
rectangular cubes over which the function will be approximated by f(zryk, zx). We form the

Riemann sum

S, = Z F(@rs Y 21) | Q) 5
%

where || is the volume of the small rectangle. Now by our understanding of Riemann sums

we choose refinement of partitions in such way that maxy [2x] — 0. Then we obtain the

[[] sy = i s.

Evaluation of integrals in three dimensions is done again using Fubini’s theorem. In this

definite integral as

case again Fubini’s theorem states

Theorem 2.0.1 Suppose f(x,y,z) is integrable over Q C R3, then

///Qf(:v,y,z)dv:/x/y/zf(x,y,z) dz dy dx:/x/z/yf(x,y,z) dx dz dy
/z/x yf(x,y,z) dydwdz-/z/y/xf(:p,y,z) dzr dy dz
—/y/x/zf(x,y,z) dz dx dy_/y/z/xf(m’y’z) dy dz du

To evaluate the triple integrals we follow the following steps:

1. Draw a line parallel to z axis that passes through the point (z,y) of R where R is the

projection of Q onto R2.
2. Identify the upper surface and lower surface through which this line passes at most once.
3. Identify the upper curve and lower curve of the projection R and limits of integration.

It is easy to see from the definition, the volume of € is
V= i Sl = fim 3710 = fff vav

Problem 2.0.1 Find the volume of the region bounded by the surfaces z = x> + 3y* and

z=8—x?—y>.
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&y, ;
T
f?’l?,?{"”’[ﬂf_

Figure 1: Volume bounded by the surfaces

Solution: The volume is V = / / / dzdydzx, where 2 is bounded above by the surface
Q

z = 8 — 22 — y? and below by the surface z = 2 4 3y2. Therefore, the limits of z are from

z=1224+3y% to z =8 — 2% — 9.

The Projection of 2 on xy-plane is the solution of
8—x2—y2:w2+3y2 - 1‘2+2y2:4.

Therefore the limits of # and y are to be determined by R : 22 + 2y? = 4. Hence

8—902—y2
v [[ [ " aaa
R Jy=x2+43y2
2 p/—a2))2
= / / (8 — 22° — 4y®)dydzx
o)\ /d—2)/2
2 4 (4=22)/2
= / ((8 — %)y - —y3>
2 37 ) e yan
2
= 4—\3/5/ (4 — 22)%2dx = 8w v/2.
-2

Problem 2.0.2 Find the volume of the region bounded by x + z =1, y + 2z = 2 in the first
quadrant.

Solution: Draw line parallel to z-axis and note that the upper surfaces are: 2z +y = 2

over triangle bounded by z = 0,y = 1y = 2z and z = 1 — = over the triangle bounded by
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y =0,z =1,y = 2x. Therefore,

2 py2 5 1 2z pl-w
V:/ / / dzdxdy—i—/ / / dz dy dz
y=0Jx=0 J2z=0 =0 Jy=0 J2z=0

On the other hand, by first drawing the line parallel to z-axis, we get

1 2—2z 1-2
V= / / / dx dy dz
z=0 Jy=0 =0

Taking the line parallel to y-axis we get

1 1—x 2—2z
V= / / / dy dz dx
=0 J z=0 y=0

Lot 2 2cos(a?)
Example 2.0.1 (Order of integration) Evaluate / / / ——dx dy d=z.
z=0 Jy=0 Jor=2y \/E

Note that the projection of Q onto zyplane is the triangle bounded by y = 0,2 = 2 and

x = 2y. So changing the order of integration in x and y, we get

4 2 ra/29 2
1 —/ / / Mdy dx dz.
z=0 Jx=0 Jy=0 \/g

4 2 2
:/ / wdm dz = 2sin4.
z2=0 Jx=0 \/E

2.1 Substitutions in multiple integrals

Suppose a domain G in uv-plane is transformed onto a domain €2 of zy-plane by a transfor-
mation z = g(u,v),y = h(u,v). Then any function of x,y may be written as a function of

u,v. Then the relation between the double integral over G and €2 is

//Qf(a:,y)dx dy = //G fg(u,v), h(u,v))|J(u,v)|du dv

where J is the Jacobian given by

Ty Ty

Yu Yo

The main idea of the proof is as follows. Let (u,v), (u + Au,v), (u + Au,v + Av) and
(u,v + Av) be the vertices of the rectangle in the uv—plane. Let AAj be its area element.
Under the transformation this points are mapped to (x1,y1) = (g9(u,v), h(u,v)), (x2,y2) =
(9(u+Au,v), h(u+Au,v)), (z3,y3) = (9(u+Au, v+ Av) and (x4, y1) = (9(u, v+Av), h(u, v+
Awv)). Then by Taylor’s theorem

g(u + Au,v) = g(u,v) + Z—ZAU + 0((Au)2)
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g(u+ Au,v + Av) = g(u,v) + g—iAu + %Av + o((Au)?) + o((Av)?)

Then the area of the "rectangle” in zy-plane AAy is

AAg ~|(z3 — 21)(ys — y1) — (23 — 22) (3 — 12))|
~|J|AuAv + o((Au)?) + o((Av)?)

Taking this as the area in the Riemann sum of f(z,y) we get the required formula.

1+4 2r — vy

/2

4
Example 2.1.1 FEwvaluate the integral I = / / dxdy.

0 Jy
Solution: The domain of integration is a parallelogram with vertices (0,0), (1,0), (3,4) and

(2,4). One has to divide the domain into 3 domains. Instead we can take the transformation
2zx—y Y

u = =5*,v = 3. Then the inverse transformation is x = u + v,y = 2v. Then
=y 9|

Under this transformation, the parallelogram is transformed into cube with vertices (0, 0), (1,0)(1, 2)

and (0,2). Now by change of variable formula

2 1
I= // f(u+v,2v)2dudv :/ / 2udu dv = 2.
0 JO

1 11—z
Example 2.1.2 FEvaluate the integral I = / / Ve +yly — 2x)2dA.
o Jo

Solution: The given domain is the triangle bounded by z =0,y = 0 and « +y = 1. In this
case the integrand is complicated....so we can take transformation v = x +y and v = y — 2x.

Under this transformation, the given triangle will be transformed into triangle bounded by

v =wu,v = —2u and u = 1. The inverse of this transformation is z = “3* and y = 2“%
Hence the Jacobian
1/3 —-1/3
_| Y /3 _ 1/3.
2/3 1/3

Hence

1 u
I —/ Vuvtdv du
0

v=—2u

Example 2.1.3 Evaluate the integral I = [[, % over R:z? +y% < 1.

Solution: Taking the transformation = rcosf,y = rsinf, we get

cos@ —rsinf

=7

sinf rcos6
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By substitution formula,

2 2
& rdrdf dr dH dt
I pr— p— 2 — 2.

Substitution formula for triple integrals
As discussed above suppose a three dimensional domain G is transformed onto a domain D

with a transformation z = x(u,v,w),y = y(u,v,w), z = z(u,v,w), then

//Df(x’y’z)dvz///GF(U»UW)IJ(U,v,deV

where

Example 2.1.4 Fvaluate /// (z%y + 3zy2)dV where R = {(z,y,2) : 1 <2 <2,0< 2y <
Q
2,0<z<1}.

solution: We take the transformation © = x,v = xy and w = 2. Then the planes x = 1,2
transforms to u = 1,2. The plane y = 0 transforms to v = 0. The surface zy = 2 transforms
to v = 2. Then the Jacobian J is

<l
Il
o
o 8 O
_ O O
I

8

Il

I

Now by substitution formula,
! 1
/ (uv + 3vw)—dw dv du
u

dv du

=L
J e

:/( 3)du—2+31n2.
1 u

Cylindrical coordinates: A point P in the space (R®) is represented by (r,6,2) where
r,0 are polar coordinates of the projection of P on to xy-plane and z is the z distance of
the projection from P. When we take the transformation x = rcosf,y = rsinf, z = z, the

Jacobian is
Ty To I, cos@ —rsinf 0

J=|vy ys y. |=|sinf rcosf 0 |=r
Zr 29 2 0 0 1



12 K. Sreenadh

Figure 2: Volume bounded.

Example 2.1.5 Find the volume of the cylinder x> + (y — 1)? = 1 bounded by z = z% + y?

and z = 0.

Solution: Drawing a line parallel to z axis, we see that the limits of z are from 0 to x2 + 32

and the projection onto xy-plane is the disc:R : 22 4 (y — 1)? < 1. Therefore,

22 4y2
V= / / / d=dA
R Jz=0

Now taking the cylindrical coordinates x = rcosf,y = rsinf,z = z we get the projection to
be

r?cos? 0 + r?sin?6 — 2rsinf = 0

i.e., 7(r—2sinf) =0 = r=0 tor =2sinf

s 2sinf  pr?
V= / / / rdz dr df
0=0 Jr=0 z=0
T 2sin 6
:/ / r3dr db
6=0 Jr=0

=4/ sin* 0do = 5_7r
0 4

Spherical polar coordinates: A point P in the space is represented by (p, 6, ¢) where p is
the distance of P from the origin, ¢ is the angle made by the ray OP with positive z axis and
6 is the angle made by the projection of P (onto zy-plane) with positive z-axis. So it is not
difficult to see that the relation with cartesian coordinates: The projection of P on xy-plane
has polar representation: x = r cos#,y = rsin 6 where r is the distance of the projected point

to origin. Therefore r = psin ¢. From the definition of ¢ it is easy to see that z = pcos ¢ and

x = psingcosl, y = psingsinb, z = pcos ¢
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The Jacobian in this case is

T, Te Ty singcosf —singsinf cos¢pcosh
J=119Y, Yo Y |=| psin¢gsing pcosfsing 0 = —p%sin¢
2p 29 %4 cos ¢ 0 —psin ¢

To find limits of integration in spherical coordinates,

1. Draw a ray from the origin to find the surfaces p = g(0, @), p = g2(0, ¢) where it enters

the region and leaves the region.
2. Rotate this ray away and towards z-axis to find the limits of ¢

3. Identify the projection R of the domain on the xy-plane and polar form of R to write
the limits of 6.

av
Example 2.1.6 FEvaluate /// where §) is the unit ball x* +y%+2% < 1.
VIt a2 +y? + 22

Solution: Going to spherical polar coordinates x = psin¢cosf, y = psin¢sinf, z = pcos ¢,

we get

do do d
/ /90 ¢o\/1+p g mede g
dp = 4m(V/2 — %1n(\/§+ 1)).

=(271 x 2)

[ A7

Example 2.1.7 Fvaluate I = /// xdV where ) is the part of the ball 2% + y? + 22 < 4 in
Q
the first octant.

Solution: Going to cylindrical coordinates, x = psin¢cos, y = psin¢gsinf, z = pcos ¢.
Since the domain is the ball of radius 4, we see that the limits of p are from 0 to 2. Again
since it is cut by the xy-plane below, ¢ varies from 0 to 7/2. The projection is the circle in

the first quadrant with radius 2. So 6 varies from 0 to 7/2. Hence,

/2
/ / / psingcosh (p?sing) dp df de
0 ¢ 0

/2
—4/ / sin? ¢ cos 0dg df = 7
0 $=0

Volume of solids of revolution: Consider a function f(z) > 0,a < z < b and revolve it

around z-axis. Then the region can be represented as

R={(@,y,2)ta <z <b 3P+ < f(a)
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Taking the cylindrical coordinates x = x,y = rsinf, z = r cos 8, we get

R={(z,r,0):a<zx<b, 0<r<f(x),0<6<2r}
Therefore, the voloume is
b r2r pf(x)
V= / / / rdrdfdx
a JO 0
b 2 b

= 277/ [f(;)] = 7T/ (f(z))%dzx

3 Surface Area and Surface integrals

3.1 Surface Area

Consider a surface S defined with f(x,y, z) = c¢. Let R be its projection on xy-plane. Assume
that this projection is one-one, onto. Let R; be a small rectangle with area AA; and let
Aoy, be the piece of surface above this rectangle. Let APy be the tangent plane at (zx, yg, 2k)
of the surface Aoi. Now consider the parallelogram with AP, and AAj as upper and lower
planes of the parallelogram. We approximate the area of the surface with the area of the
tangent plane APy.

Now let p be the unit normal to the plane containing Rj and V f is the normal to the
surface. Let ug,v; be the vectors along the sides of the tangent plane AP;. Then the area
of APy is |ug X vg| and ug X vg is the normal vector to APy. Thus V f and ug X vy are both
normals to the tangent plane A P.

The angle between the plane AAy and APy is same as the angle between their normals.
i.e., the angle between p and ux X vg. From the geometry, the area of the projection of this

tangent plane is |(ug X vg) - p|(proof of this can be seen in Thomas calculus Appendix 8). i.e.,
AAg = |(ur X vg) - p| = |(ur x vg)||p|| cos(angle between (u x vi) and p)
In other words,

AA,
| cos Y|

APk| COS ’7k| = AAk or AP]C =

where 7, = angle between (uy x v) and p. This angle can be calculated easily by noting that
Vf and up X v are both normals to the tangent plane.

(This formula is simple in case of straight lines: Let OP be the line from origin and let
R be the projection of P on z-axis. Then OR = OP cos~ where y is the angle between OP

and OR. Now imagine the Area of plane is nothing but ”sum” of lengths of lines.)

So
IV f-pl = [V FIID] cos k|



Calculus lecture notes 15

Therefore,

~ _ IV f]
Surface Area = ;APk = ; i 'ﬁ’AAk:

VI,
Surface Area = / /
rIVS: P|

where R is the projection of S on to one of the planes and p is the unit normal to the plane

This sum converges to

of projection.

Figure 3: Paraboloid cut by z=2.

Example 3.1.1 Find the surface area of the curved surface of paraboloid z = x* + y? that is
cut by the plane z = 2.

2

Solution: The equation of surface is f(z,y,z) = z — 22 — y?> = 0. Clearly this is one-one

from zy-plane to R3. So the projection of the surface {(z,y, 2% + y?) : 22 +y? < 2} is the
disc R : 22 + y? < 2. Since the plane of projection is zy-plane, p = k. Hence

Vf=—2zi—2yj+k

5= //R ||vaf|

:/ Var? +4y2+1 dA
R

Going to polar coordinates x = rcosf,y = rsinf,

27 \/5
S:/ / V14 472y dr df = 137
0 r=0

Example 3.1.2 Find the surface area of the cap obtained by cutting the hemisphere x> 4y +

22 =2 by the cone z = \/22 + 2.
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x2+y2+zz=2

Figure 4: Cap obtained by cutting the hemisphere by the cone.

Solution: The equation of surface is f(z,y,2) = 22 + y? + 22 — 2 = 0 and we can take the

projection onto zy-plane. So p = k. The projection is obtained by solving z? + y? + 22 =

2,z =+/22+ 1% ie, R=a’+y?>=1.

Vf:2x%+2yj+2sz

IVf-pl=22=22—22—y?

Therefore, using polar coordinates z = rcos,y = rsin @,

s= ]
:/O2w/01\/2L_2_ﬂrdrd9:2ﬂ(2—\/§).

Surface area of solids of revolution: If a surface is generated by revolving a curve

z = f(y),y € (0,p) in the yz-plane about the z-axis. This surface is the graph of function

z = f(v/22 + y?). Then by taking g(x,y,2) = z — f(\/2% + y?) over the circular domain R
which is the projection of the solid. So, we get

S = [[ o dady = [[ @ 7y

Vg - k|

Now using poloar coordinates x = rcosf,y = rsinf, we get

2 rp p
S’:/ / V14 (f'(r))? Tdrd0:27r/ V14 (f(r)?2 rdr
0 0 r=0
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3.2  Surface Integrals

Let g(z,y,z) be a function defined over a surface S. Then we can think of integration of
g over S. Suppose, a surface S is heated up, we have a temperature distributed over this
surface. Let T'(z,y, z) be the temperature at (z,y, z) of the surface. Then we can calculate
the total temperature on S using the Riemann integration.

Let R be the projection of S on the plane. We partition R into small rectangles Ay.
Let AS) be the surface above the AA,. We approximate this surface area element with its
tangent plane APy. As we refine the rectangular partition this A Px approximated the ASy.

Then the total temperature may be approximated as

A4,
| cos Y|

/1 44

Zk:g(l‘k,yk,zk)APk = ;g(l'kaykazk) |Vf -p‘

> 9@r ye, 21)
k

where p is the unit normal to R or the plane of projection. Now taking limit n — oo, we get

/Lg(w,y,Z)dsz//]%g(f,y,Z)

If the surface is defined as f = z — h(z,y) = 0, then

//Sg(x,y,z)ds = //Rg(x,y,h(x,y)) |V|Zf|]%|dA

Example 3.2.1 Integrate g(z,y,2) = z over the surface S cut from the cylinder y* + 2% =

IVf-pl

1,2 >0, by the planes x =0 and x = 1.

Solution: f = y?+22 and this surface can be projected onto to R of zy plane. This projection
is the rectangle with vertices (1, —1), (1,1), (0,1), (0, —1). So p = k

IV 2vy?+22 1

IVfp o[22z

//SzdS://RzidA:Area(R):2

Parametrizations of Surfaces: Let

Therefore,

r(u,v) = f(u,v)i 4+ g(u,v)] + h(u,v)k

be a continuous vector function defined on a plane region R. The variable v and v are pa-
rameters and R is the parameter domain. The range of r is called the surface S. We assume

that r is one-to-one on the interior of R so that S does not cross itself.
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Examples 3.2.2 1. A parametrization of the cone
z=22+9y% 0<2<1
Here cylindrical coordinates provide everything we need. Let
2(r,0) = rcosd, y(r,0) =rsinf z = /22 +y2 =1
the domain of 1,0 is 0 <r <1 and 0 < 0 < 27. So the required parametrization is

r(r,H)zrcosH%—{—rsin@j—}—rl%, 0<r<1,0<6<2nr.

2. A parametrization of sphere

x2+y2+z2:a2

Here we take spherical coordinates. Let x = asingcosf,y = asingsind, and z =
acosp, 0< ¢ <7, 0<60<2r. Takingu = ¢ and v =0, we get

r(0, ) = asingcos i + asinpsinh j + acosd k, 0<¢<m0<6<2m.

3. A parametrization of cylinder 2> + (y —3)2=9, 0< 2 <5

we take cylindrical coordinates,
x(r,0) =rcosh, y(r,0) =rsinf z = z
Substituting in 2 + (y — 3)®> = 9 we get r? 4+ 6rcosf = 0. Therefore, r = 6sin 6.
r(h,z) = 3sin20 i + 6sin®0 j + 2 k,0<0r,0<2z<5

Definition 3.2.3 (Smooth surface): A parametrized surface r(u,v) is called smooth surface

if vy and ry, are continuous and r, X Ty @S NEVET ZETO.

Surface Area: We approximate the surface area element by the parallelogram on the tangent
plane whose sides are determined by the vectors r,Au and r,Av. The total surface area is

approximately equal to the sum of area of of this parallelograms
S ~ ZZ |70 X 70| AulAw
u v

This sum is a Riemann sum of the integral fab f; |7y X ry| dudv. Therefore we have

The Surface area of smooth surface: r(u,v) = f(u,v)i + g(u,v)j + h(u,v)k, a < u <

b, c<wv<dis
b pd
S://\ruxrvldudv
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Problem 3.2.1 Find the surface are of the surface of the cone
p=Va2+y? 0<z<1
Solution: We found a parametrization of the cone as
r(r,0) =rcosf i +rsinf j+r k, 0<r<1,0<86<2r.

We can find that

r, X r9|\/r200820—|—7‘2sin29—|—r2 —Vr

Therefore,

27 1
Surface Area = / / V2rdrdd = 72
0 0

Surface integrals: Let F'(u,v) be a continuous function defined on the parametrized surface
S: r(u,v): R— S, where R:a <u <b,c<v<d. Then

b d
// FdS = / / F(u,v)|ry, X ry|dudv
S a Jc

Problem 3.2.2 FEwaluate the surface integral ffs(x + y + 2)dS over the surface of cylinder
x2+y2:9,0§z§4.

Solution: Using the cylindrical coordinates: x = 3cosf,y = 3sinf, z = z over the parameter
domain {(6,z) : 0 <0 < 27,0 < z <4}. The surface can be represented as

T(6,z) = 3cos0i + 3sin 0] + zk.

Then |Ty x T,| = \/9 cos? 6 4+ 9sin? = 3. The given integral is equal to
//($—|—y+z)d5://(30089+38in9+z)|T9 x T,|dOdz
S S

4 o 4
/ / (3cosf + 3sinf + z)dhdz = 677/ zdz = 48m.
z=0J6=0 0

4 Line integrals and Green’s theorem

In many physical phenomena, the integrals over paths through vector filed plays important
role. For example, work done in moving an object along a path against a variable force or
to find work done by a vector field in moving an object along a path through the field. A
vector field on a domain in the plane or in the space is a vector valued function f : R3 — R3

with components say M, N and P, for example
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We assume that M, N, P are continuous functions. Suppose F' represents a force throughout
a region in space and let 7(t) = 2(t)i+y(t)] + 2(t)k, a < t < b is a smooth curve in the region.
Then we introduce the partition a = t; < ts..... <tp, =bof [a,b].

If F} denotes the value of F' at the point on the corresponding to t; on the curve and Ty
denotes the curve’s unit tangent vector a this point. Then Fj - T} is the scalar component of

F in the director of T" at t;. Then the work done by F' along the curve is approximately

n
Z Fk . TkASk,
k=1

where Asy is the length of the curve between 1, tx. As the norm of the partition approaches

zero, these sum’s approaches

/tbaF Tds_/ F. ?,/ dt)th

Now substituting 7'(¢) = |7:Eg\’ we get
b
/ F-7(t)dt

Theorem 4.0.1 The Line integral is independent of choice of parametrization.

The following can be shown:

Definition 4.0.1 The orientation of a parameterized curve is the direction determined by

increasing values of the parameter.

The line integral over a parametrized curve depends on the orientation. If we change the

orientation, then the integral is equal to —1 times: That is,

/F-dr:/ F-dr.
¢ —C

Example 4.0.2 Find the work done by F = 322 + (222 — y)j — zk over the curve r(t) =
ti + 127 + t3k,0 < t < 1 from origin to (1,1,1)

Solution: The tangent along the curve T is dt Therefore,

1 1
/ F-Tds:/ '@dt

1
:/ 32 +1° — 263dt =
0

Definition 4.0.3 Conservative vector field: A wverctor field ? is called conservative vector
field if the line integral depends only on the end points. Equivalently, the line integral over

any closed curve is zero.
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The following is knon as fundamental thoerem of Line integrals. Recall the fundamental

theorem of integral calculus.

Theorem 4.0.2 Let ? be a vector field and if there exists a differentiable function f : R® —

R such that E = V. Then .
| F a7 = 1@ - 1)

Proof. Suppose there exists f such that F = V. let 7(t) : {(x(t),y(t), 2(t)),t € [0,1]}
represent a curve connecting P and . Then

/?d? /(afdx 8fdy+afdz>dt

OJrdt Oydt Ozdt
= [ & 0.5, 0
0
= f(Q) = f(P).
It is clear that if P = @, then above integral is zero.

Theorem 4.0.3 Let ? = M%—FN]A'—}-PI% be a conservative whose components are continuous
over an open connected domain D in R3. Then there exists a differential function f such that

F=vy.

Proof. let X be a fixed point in D. For any point (z,y, z) in D, let C be a path from X
o (z,y,2). Define f (z,y,2) by

f(z,y,» /"?d?

(Note that this definition of f makes sense only because it is independent of path). We want
to show that f satisfies Vf = ?

Since domain D is open, it is possible to find a disk centered at (z,y, z) such that the disk is
contained entirely inside D. Let (a,y, z) with a <  be a point in that disk. Let C' be a path
from Xy to (z,y, z) that consists of two pieces: C; and Cy. The first piece, C1, is any path
from C to (a,y, z) that stays inside D and Cj is the horizontal line segment from (a,y, z) to
(z,y,2). Then

fla,y,2) = ?cz F.d7

Co

Then differentiating this with respect to x, we see that the % of the first term on the right

of 0
dr ~ Ox ? a7

hand side is zero. Therefore

Now considering the parametrization 7 (t) = ti—i—yj—i—zl%, a <t <z Then Fd? = M(t,y, z).

Hence
M t =M z
a 9 / Y, 2 (1:7y’ )
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thanks to fundamental theorem of integral calculus. A similar argument using a lines parallel
to y-axis and z-axis rather than a line parallet to x—axis, shows that f, = N (z,y,2) and
fy =N (z,y,2). O

The following is a neccessary condition.

Theorem 4.0.4 Suppose F is a onservative vector field with all its components are differen-

tiable and partial derivatives are continuous in the domain D. Then V X ? =0.

Proof. Since ? is conservative, there exists f such that ? = V f. Therefore, second order

partial derivatives are continuous. Hence mixed derivatives are equal. Now it is easy to check
that V x Vf = 0. Therefore V x ? =0. O

Definition 4.0.4 A wvector field is irrotational if V X ? = 0.

Now we ask the question: Is irrotational vector field is always conservative?

The answer is NO. The following example

TR T oF, O0F . .
2 —|—y2l + o +y2]' Then —= = —— implying

Ox oy
2m
V x ? = 0. But the line integral / ? A7 = / sin? 0 4 cos? 0 = 2.
C 0

Example 4.0.5 Let F = Fii+ Fj = —

But depending on the shape of the domain D, V x ? = 0 implies ? is conservative.

Definition 4.0.6 A subset D of R™ is called simply connected if it is path-connected and and

every loop in D can be contracted to a point without ever leaving the domain.

Examples 4.0.7 1. The whole space R" is simply connected.
2. The unit ball {(z,y, 2) : 2> + y* + 2% < 1} is simply connected.
3. The annulus {(x,y,2) : 1 < 2% +y? + 22 < 2} is NOT connected.
4. The punctured disc {(z,y) € R? : 2% + y? < 1}\{(0,0)} is NOT simply connected.
5. The punctured space {(z,y,z) € R® : 22 + y? + 22 < 1}\{(0,0,0)} is simply connected.
6. {(z,y,2) € R3: 2% + y? + 22 < 1}\{2 — axis} is NOT simply connected.

Theorem 4.0.5 Let ? be a vector field with its components are differentiable and partial

derivatives are continuous. Then V X ? = 0 implies ? is conservative.

Proof. Proof requires Stoke’s theorem. We omit it.

Example 4.0.8 Consider the vector field F= (322922 + 5y3)i + (223yz + 152y — 72)5 +

oy  —Ty+4z k Determine whether F is conservative, and if it 18, find a potential function
B2 Ty +423)k D hether E d d I

f for which ? =Vf.
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Solution It is easy to check that V x ? = 0 and domain of definition of ? is the whole
space R3 which is simply connnected. Therefore, ? is conservative.
To find the function f, we take

fo = 322%y?2 + 5y°, fy = 203yz + 152y% — Tz, f. = 23y? — Ty + 423

Using the first equation we obtain

fla,y,2) = /(3w2y2z +5y°)dx = 2®y?z + 5y°x + g(y, 2)
Differentiation with respect to y and equating with second equation we get
203y + 15y°%x + ay(y, 2) = 223y + 15a2y% — 72 = Gy = =Tz

Integrating g, we get g(y, z) = —Tyz+h(z). Hence f = 23y?2+5y3x—Tyz+h(z). Substituting
this the third equation, we get h/(z) = 423. Therefore h(z) = 2z* + c. Hence f(z,y,2) =
23y%z + 5y — Tyz + 24 + ¢ [l

Example 4.0.9 Consider the vector field ? (:L‘% +yj + zl%) Determine whether

m
? is conservative, and if it is, find a potential function f for which ? =Vf.

Solution: In this case again the domain of definition is the punctured space R3\{(0,0,0)}

which is simply connected. Also it is easy to check

v ? N (x2 + 3;22-1- 22)2 <(Zy B yz)fz + (w2 - Zx)j +yr - xy)/;‘) -

Now following the steps as above, it is not difficult to find f as
1
flz,y,2) = B In(2? + y* + 27).

Theorem 4.0.6 Green’s theorem in the plane
Let R be a closed bounded region in R? whose boundary C consists of finitely many smooth
curves. Let F(:p,y) = Fi(z,y)i + Fa(z,y)] be continuous and has continuous partial deriva-

tives everywhere in some domain containing R. Then

[ (5= )= .77,

where the line integral is along the boundary C of R such that R is on the left as we advance

on the boundary.

Example 4.0.10 Evaluate [, Foav for = (y2 = Ty)i+ (2xy +2x)] and C : 2%+ = 1.

/? d7 = // (8F2_aF1>dA_9//dA_9w

Solution:
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Remark 4.0.1 The region R is such that the boundary consists of smooth curves. The theo-

rem does not hold true for regions like punctured disc {(z,y) : 22 +y? < 1}\{0}. For example,
y oo r o oF, 0Ok OF, _ OF ~
take F =2 —I-sz + 2 +y2]. Then 9 a—y and ffR (8—; — 8—;) = 0. But the line

2w
integral / ? A7 = / sin 0 + cos® 0 = 2.
C 0

Area of plane region:
Using Green’s theorem, we can write area of a plane region as a line integral over the boundary.
Choose F; =0, F5, = x and then F_ — y, F5, = 0. This gives

//RdA:/dey and //RdA:_/Cydx

respectively. The double integral is the area A of R. By addition we have

A = =(zdy — ydx)

1
2
Example 4.0.11 Area bounded by ellipse 2—; + ‘Z; =1.

solution: Take x = acost,y = bsint,0 <t < 2w. Then by above formula

2w 1
A= 5 / (2 — ya')dt = 3 (abcos®t — (—absin®t)) dt = wab
0

5 Gauss and Stokes theorems

Let S be a smooth surface and we may choose unit normal n at P of S. The direction of n
is called positive normal direction of S at P. We call a smooth surface S orientable surface
if the positive normal at P can be continued in a unique and continuous way to the entire
surface. For example the Mobius strip is not orientable. A normal at a point P of this strip
is displaced continuously along a closed curve C, the resulting normal upon returning to P is

opposite to the original vector at P.

Theorem 5.0.1 Gauss Divergence Theorem
Let Q be a closed, bounded region in IR® whose boundary is a piecewise smooth orientable
surface S. Let ?(x,% z) be a continuous function that has continuous partial derivatives in

some domain containing Q. Then

//QV'FdV://S?%dS

where 1 is the outer unit normal vector of S.

Example 5.0.1 FEvaluate / ?.ﬁdA where 0 is the boundary of the domain inside the
o0

cylinder x> + y?> = 1 and between the planes z = 0,z = = + 2 and ? = (22 + yez)i + (y? +
ze2)] + (22 + ze¥)k.
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Solution: With the given 7, it is not difficult to obtain, V- ? = 2x+2y+2z. By Divergence

theorem

/m?.ﬁdS:///{22(x+y—|—z)d‘/:2//m2+y2él </:2(x+y+z)dz>dxdy

Theorem 5.0.2 Stokes’s theorem
Let S be a piecewise smooth oriented surface with boundary and let boundary C be a simple

closed curve. Let ? be a continuous function which has continuous partial derivatives in a

//S(Vx?)-ﬁdS:/C?d?

where 1 1s a unit normal vector of S and, depending on 1, the integration around C' is taken

domain containing S. Then

in the way that S lies in the left of C. Here 1 is the direction of your head while moving along

the boundary with surface on your left.

Example 5.0.2 FEvaluate fc ? - d7 where ? =22+ ] + zk and C The intersection of
the cylinder z° + y?> = 4 and the hemisphere x> + y? + 22 = 16,2 > 0.

Solution: The intersection of cylinder and sphere is the boundary of cylinder on the plane
z = 1/12. The unit normal to the surface is 7 = i(:c% +yj + zl;:) The projection R of S on
the zy-plane is the disc 22 + y?> <2, V x ? = -3z y2k: and |Vf|‘ = %. Hence by Stoke’s

?{? dr—// :Uysz

:—3/ / 2 cos? 0) (r? sin? 0)rdrdd = —
0 r=0

theorem

Suppose S1, .52 be two surfaces having the same boundary curve C. An important conse-

quence of Stoke’s theorem is that flux through S7 or S5 is same.

Example 5.0.3 Suppose S is a surface of a light bulb over the unit disc %+ y? = 1 oriented
with outward pointing normal. Suppose F = 27 + (sin(zyz) + y + 1)] + e sin(z2)k.
Compute / (V x F) -ndS.

S

Solution: Enough to take any surface with boundary 22 4+ y? = 1. So we take the unit disc
2?4y? <1,z =0. Then F on thisis F = zi+(y+1)7. Then Vx? = 0. Hence [ Fd7 =o.

References
1. Thomas’ Calculus, Chapters 15, 16
2. Advanced engineering Mathematics, E.Kreyszig, Chapter 9
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5.1 Problems

1. Evaluate the double integrals:

(a) // 2% dA, where R is the region bounded by y = 22,y = z + 2
R

(b) //($2+y2) dA, where R: 0<y<+v1—-220<z<1.
R

(c) // (a2 —z? - y2) dA, where R is the region z2 + 32 < a?.
R

2. Evaluate the following double integrals by changing the order of integration if needed:

3 ry T T
(@) / / (2 +2)dedy  (b) / / |cos(a + y)|dzdy
0o J- 0o Jo
1 4y—2x 3/2 p9—da?
(c)/ / dy dz (d) / / 16zdy dx
0.2 02 2 2 2y
T [T siny T xe
e dy dx / / dy dx
@[ [ =ty G

3. Find the volume of the following;:

(a) Region under the paraboloid z = 22 + y? and above the triangle enclosed by the
lines y =z, =0, and  + y = 2 in the 2y plane.

(b) Region bounded above by the cylinder z = 22 and below by the region enclosed
by the parabola y = 2 — 2 and the line y = z in the zy plane.

(c) Region bounded in the first octant bounded by the coordinate planes, the cylinder
22 +y? = 4, and the plane z +y = 3.

(d) Solid cut from the first octant by the cylinder z = 12— 3y? and the plane z+y = 2.
(e) Tetrahedron bounded by the planes y =0,z =0,z =0 and —x +y + z = 1.

4. Use the given transformations to transform the integrals and evaluate them:

(a) u=3x+2y,v=x+4yand I = // (322 + 14zy + 8y?) dA where R is the region
R

in the first quadrant bounded by the lines y + %:L‘ =1ly+ %x =3, y+ %x =0, and
y+ %x =1

2/3 (2-2y
(b) u=z+2y,v=x—yand ] = / / (z + 2y)eW=?)dA
0 Y

(c)u=zy,v=2>—y?>and I = // (2 + y*)dA, where R is the region bounded by
R

xy =12y =222 —y?>=1and 22 —y? = 2.

5. Using appropriate transformation evaluate / / dA, where R is the parallelogram with
R
vertices (1,0), (3,1),(2,2) and (0, 1).
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6. Find the area of the following:
(a) The region lies inside the cardioid r = 1 + cos § and outside the circle = 1 in the
first quadrant.
(b) The region common to the interiors of the cardioids » = 1+cos# and r = 1 —cos 6.
7. Find the volume of the following solids:
(a) Cylinder whose base lies inside the cardioid » = 1 + cosf and outside the circle
r =1 and the top lies in the plane z = .
(b) Cylinder whose base is enclosed by 7? = 2 cos 26 and top is bounded by the sphere

z=v2—1r2

8. Evaluate the following volume integrals:
/// 222 4+ 2%y%) dV, where D = {(z,y,2) € R®, 2> + > < 1,-1 < 2 < 1}
b) /// xyz dV where D = {(2,y,2) € R®, 2% +y> <1, 0 < 2z < 22 + 4%}
D

c) /// @Y gy where D = {(z,y,2) e R?: 22+ 9>+ 22 <1}
D

9. Find the volume of the following regions using triple integrals:
(a) The region in the first octant bounded by the coordinate planes and the planes
r+z=1y+2z=2.

(b) The region in the first octant bounded by the coordinate planes, the plane y+2z = 2,
and the cylinder z = 4 — y2.

(¢) The tetrahedron in the first octant bounded by the coordinate planes and the plane
x+y/2+2z/3=1.

(d) The region common to the interiors of the cylinders 22 + 4% = 1 and 2% + 22 = 1.

(e) The region cut from the cylinder x? + 32 = 4 by the plane z = 0 and the plane
T+ 2z=3.

(f) The region enclosed by y = 22,y = 2 + 2,42z = 2 + y? and z = = + 3.

(g) The region bounded above by the sphere z? + y? 4+ 22 = 2 and below by the
paraboloid z = 22 + 2.

(h) The solid bounded by the cone z = \/x2 + 42 and paraboloid z = 22 + y2.
10. Find the mass of the solid, center of mass, moment of inertia and the radii of gyration

of a solid cube in the first octant bounded by x = 1,y = 1 and z = 1. The density
é(z,y,2) =z +y+z+1
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11. Find the mass of solid and center of mass of a solid in the first octant bounded by
the planes y = 0,z = 0 and by the surfaces z = 4 — 22 and = = y? and its density is

d(x,y, z) = kxy, k is a constant.

12. Using the given transformation transform the given integrals and evaluate them:

(a) x =au,y =bv,z = cw,and I = /// dV where D is the ellipsoid: g—i—i—%—;—i—i—; =1.
D

(b) u=2x,v=2ay,w =3z andI—/// (z%y 4 3zyz) dV where D = {(z,y,2) € R? :
D
1<2x<2,0<2y<2,0<2<1}.

13. Find the surface area of the following:

(a) The surface cut from the paraboloid 22 + y? — z = 0 by the plane z = 2.
(b) The surface of the region cut from the plane x + 2y + 2z = 5 by the cylinder whose

walls are © = y? and z = 2 — ¢
The cap cut from the sphere z? + y? + 22 = 2 by the cone z = /22 + y2
The surface cut from the paraboloid x2 + y 4 2% = 2 by the plane y = 0.

(c)
)
(e) The surface cut from the cylinder 2 + y? = 4 by the cylinder y? + 2% = 4.
(f) The surface cut from the cone 22 4 y? = 22 by 2% + y? = 4z.

)

The surface of the cylinder 2 + 32 = 42 which lies between the plane z = 0 and

the cylinder x2 + 2 = 2.

(h) The surface area of the part of the cylinder x? + y? = a? which lies between the

plane z = 2z and z = 0.

(i) The surface area of the part of the cylinder 2 4+ y? = 2z which lies above zy-plane
and is bounded above by the paraboloid z2 + 32 + z = 4.

14. Evaluate / / g dS in each of the following cases:
S

(a) g(x,y,z) = = + y + z over the surface S of the cube cut from the first octant by
the planes z = a,y = a,z = a.

(b) g(x,y,2) = y + z over the surface S of the wedge in the first octant bounded by
the coordinate planes and the planes x =2 and y + z = 1.

(¢) g(z,y,z) = zyz over the surface S of the rectangular solid cut from the first octant

by the plane x = a,y = b, and z = c.

15. Compute the line integral [ ?%, where F = 427 — 3zk and C is the circle (x —5)%+

(z — 7)? = 4 in xz plane described in anticlockwise direction.

16. Let F = (3z — 4y + 22)i 4 (4 + 2y — 322)j + (222 — 4y + 23)k. Find the work done
2 2
by ? in moving a particle once around the ellipse ?LLG + % =1
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17. Find the work done by force ?(t) = (3y® +2)i 4 162 in moving a particle from (—1,0)
to (1,0) along the upper half of the ellipse b’z + y? = b%. Find that ellipse that makes

the work done minimum.
18. Evaluate the following Line integrals using Green’s theorem on plane:

(a) $o(y*dx + x*dy), C: The triangle bounded by # =0,z +y =1,y = 0.
(b) $o(Bydx + 2zdy), C: The boundary of 0 <z <7, 0 <y <sinz.
(¢) $-(6y + x)dx + (y + 22)dy, C: The circle (z —2)* 4 (y — 3)* = 4.

19. Using Green’s theorem find the areas of regions enclosed by

(a) The circle 7 (t) = (acost)i + asint)j, 0 <t < 2
(b) The Astroid 7 (t) = (cos®t)i + (sin®t)7,0 < t < 27
(¢) The curve 7 (t) = t% + (% —1)j, —V/3<t<V3

20. Use Green’s theorem to find the work done by the given force field ?(t) in moving a

particle once counterclockwise around the given curve C

(2) F(t) = (4z — 29)i + (2¢ — 4y)] and C is the circle (z — 2)2 + (y — 2)% = 4.
2 2

(b) ?(t) = 2% 4 (zy — x)j and C is the ellipse % + % =1

21. Evaluate / / ? -ndS, where 7 is the unit outward normal to S, in following cases:
S

(a) ? = yzj + 22k and S is the curved surface cut of cylinder y2 + 22 = 1,z > 0 cut
by the planes x = 0 and = = 1.

(b) ? = x2i+yz) +k and S is the surface of the upper cap cut from the solid sphere
22 + y? + 22 < 25 by the plane z = 3.

(c) ? — yzi+ 2] — 2%k and S is the parabolic surface of the cylinder y = 22,0 < 2 <
1,0< 2 <4.

(d) F = (2y,z,—x), and S is the part of the plane z + y + z = 4 that is above the
rectangle in the xy-plane with vertices at (0,0,0),(2,0,0),(0,1,0), and (2,1,0),
oriented upwards.

(e) F = (ey,—ex,0), and S is the portion above the zy-plane of the surface defined by
22 + 5y — (2 — 3)? = 16, oriented outward (at the point (0,0, 7), the unit normal

vector is k).
22. Evaluate the following line integrals:

(a) f(} 7.d7, C being the helical path © = cost, y = sint, z = ¢ joining the points
determined by t = 0 and ¢ = 7/2.
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(b)

(¢)

(d)
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/. c U.d7, where U = iy + (2x)j, C being an arc of a circle of radius 1 centered at
the origin joining (1,0) and (0,1).

—z)dr + (2 4+ + (x — Z, eimng a circle rorme the intersection
Jo(y = 2)dz + (2 + x)dy + (z — y)dz, C being a circle formed by the i i
of the sphere 22 + 32 + 22 = a? and the plane z + y + z = 0.

Jo ?.d?, where F — yi+ ) +zyz2k and C is the circle: 22 — 2z +y2 =2,z = 1.

5.2 Solutions

1. Evaluate the double integrals

(a)

// 22dA where R is the region bounded by y = 22,y = = + 2
R
The region is bounded by y = 22,y = x + 2. Simple to notice that y = = + 2 is

the upper curve and y = 22 is the lower curve between the points of intersection

x = —1 and z = 2. So it is enough to evaluate the iterated integral

2 r+2 2 4 9 3 512 163
/ / z2dy dx:/ 22z +2—2)dr = Ty T = —
r=—1 2 —1 4 3 5 -1 60

//(w2+y2)dAwhereR:O<y< Vi—22,0<z<1
R
The region is the part of the unit disc 22 4+ y? < 1 that lies in the first quadrant.

So the upper curve and lower curve can be easily identified as y = v/1 — 22 and

y = 0 respectively. So it is enough to evaluate

1 V1—z2 w/2 rl
/ / (22 + ) dy | dz = / / r3drdf = /8.
=0 0 0=0 Jr=0

// (a? — 22 — y*)dA where R is the region 22 + y? < a2.
R

Note that the upper curve is y = Va2 — 22 and the lower curve is y = —va? — x2
between x = —a to x = a. Now it is easy to see that it is same as the iterated
integral

a Va2 —z2
I= / (/ (a® — 2% — y2)dy) dx.
r=—a y:71/a2,1.2

Another way is to use the polar coordinates x = rcosd,y = rsinf,0 < r < a and

0 <6 <2r. Then
2 pra 7TCL4
I= / / (a® — r¥)rdrdd = —.
0o Jr=o 2

2. Evaluate the following integrals by changing the order of integration if needed:

(a)

3 ry
/ / (2® + y?)dady
0 J—y

The region is bounded above by by y = 3 and below by x = —y from x = —3 to
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x=0and z =y from z = 0 to x = 3. So the integral may be written as

/:_3 (/:_x(ﬂ + y2)dy> dx + /:;3 </yy;3($2 + y2)dy> dz

It is easy to evaluate the given integral instead of changing the order.

0) [ [ eoste +ldady

The integral may be split into two pieces where cos(z + y) is positive and negative
respectively. In the domain bounded by x = 0,y = 0 and = + y = /2 we have
cos(z +y) is non-negative. In the domain bounded below by x +y = 7/2, (0 <z <
m/2) and above by y = 7, cos(z + y) is non-positive.

similarly, in the domain 7/2 <z <, 0 <y < 37” —x, cos(x +y) <0 and

in the domain 7/2 < z < 7, 37” —x <y <m cos(x+y) > 0. Hence the given

integral may be written as

TP w/2 -z T
/ / | cos(z + y)|dxdy = / (/2 cos(z + y)dy + / —cos(x + y)dy> dx
0 JO =0 y=0 T_g

2

s 3T _gz T
+ / (/ o cos(z + y)dy + A cos(x + y)dy) dx
x=m/2 0 Tz

2

. /01 /242zdydw

The domain is bounded by z = 0,y = 2 and y = 4 — 2z. So it is easy to note that

in the domain y ranges from 2 to 4 while z ranges from 0 to 4 — 2z. So

1 pd—22 4 (4—y)/2
/ / dyd:c:/ / dx | dy
0 J2 y=2 =0

3/2 p9—dx?
(d) / / 16z dydx
0 0

The domain is bounded by the parabola y = 9 — 422,z = 0 and y = 0. Hence

3/2  (9—dx? 9 19—y
/ / 16z dydar—/ / 16zdx | dy
0 0 y=0 x=0
(e) / / Smydydx
0 Jz Yy

The domain is bounded by the lines z = 0,y = 7 and y = x. Hence

T T o s y .
/ / Smydydm :/ (/ smydx) dy
0 T Y y=0 z=0 Y
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2 pd4—a? 2y
xe
f // dydx
(0 o Jo 4—vy

The domain is bounded by x =0,y = 0 and y = 4 — z*. Hence

2 pd—x? 2y 4 Vi—y 2y
/ / e dydr = / / T dx dy
0o Jo 41—y 0 0 4—y

3. Find the volume of the following:

(a) We use the formula V = [[, f(z,y)dA where f(z,y) > 0 is a continuous real
valued function defined over the domain R of the plane.
Here f(x,y) = 2 + 4? and the domain is bounded by z = 0,y = 2 — z and y = .
So in this domain drawing a line parallel to y axis, it is easy to see that the domain
may be described as z <y <2 —z, 0 <z < 1. In otherwords,the upper curve is

y =2 — z and lower curve is y = x between x = 0 and z = 1. Hence

V://R(:c2+y2)dA:/Ol </:_m($2+y2)dy) dng

(b) The domain R is bounded by y = 2 — 22 and y = x in the 2y plane. The function

f(z,y) = z2. So the upper curve is y = 2 — 2% and the lower curve is y = . Hence

1 2—z?
V—//x2dA—/ / :L'Qdy dx:g
R T=—2 y=x 20

(c) The domain is bounded by = 0,y = 0 and z? + y?> = 4. The non-negative
function is f(x,y) = 3 —y. The upper curve is y = 4 — 22 and the lower curve is
y = 0. Hence

Figure 5: 3(c)

V://R(:a—y)dA:/02 (/0@(3—y)dy>dx:9”3_8
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(d) The domain is bounded by y = 2 — z,y = 0 and = 0. The non-negative function
f(z,y) =12 — 3y2. Hence

V= //R(12 — 3y%)dA = /02 (/0“(12 — 3y2)dy> dz =20

z=12-

Figure 6: 3(d)

(e) The non-negative function is f(x,y) = 1 + x — y over the domain R bounded by
y=0,zr=0and y =1+ z. Hence

V://R(l—era:)dA:/xil (/Olﬂ(l—yan)dy)dx:é

4. Use the given transformations to transform the integrals and evaluate them:

(a) Here we get x = 2 and y = 3454

0 - The Jacobian of the transformation is

J:a(m,y):| 2/5 —1/5 110

~1/10 3/10

The image is again a rectangle with sides © = 2,u = 6,v = 0 and v = 4. Hence

6 4
// (322 4 1day + 8y?) dA = / (/ uvdv) du = o4
R u=2 \Jo 5

(b) The Jacobian J = —% and |J| = 1/3. The given domain is the triangle bounded by
y=x,y =0 and x + 2y = 2. The image of this triangle under the transformation

is again a triangle bounded by v = 0,v = uw and v = 2. Hence

2/3 r2-2y 2 u 1 1
/ / (z + 2y)eW ) dA = / (/ ue_“dv> du=-(3e72+1)
0 Jy u=0 \Jo 3 3
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(¢) The domain of integration is the domain bounded by the hyperbolas zy = 1, zy =
2,22 —y? =1 and 22 — y? = 2. Under the given transformations this hyperbolas
are transformed into the lines u = 1,u = 2,v = 1 and v = 2. The Jacobian J may

be calculated using the relation J.J ! = 1.

i) o
8(U;'U) _ 875 875 — _2(1,2 _|_y2)‘
Ox,y) | Q& &

Therefore

// ( 5 2) 2 2 ( ) 2) 1 2 2 1
Tty dA:/ (/ o4y 'dv>du:/ / —dvdu = 2.
R u=1 v=1 2(332 + y2) u=0 Jov=1 2

5. The sides of the parallelogram are x +y =1,z +y=4,2 —2y =1 and z — 2y = —1. So
it is convenient to consider the transformation u = x4+ y and v = x — 2y. So the inverse

of the transformation is 3z = v + 2u and 3y = u — v. The Jacobian is —%. Hence

4 4
// (z+y)%dA = / / u? —dvdu = 56.
R u=1 =1 3

6. (a) Area of theregion R in the polar coordinates is given by the formula A = [ [, rdr dé.
By drawing a ray from origin, it is easy to see that the ray intersects the domain
R at r = 1(closest from origin) and r = 1 + cos f(farthest from origin). Hence the
area is

H
120 60

2 r=14cos(t)

210 IVV"'\;\: - i ,4/ £

210 300

Figure 7: 6(a)

w/2 1+cos 6
A= </ rdr)d9=8+”.
o=0 \J1 4

(b) The domain is symmetric with respect to z axis and y axis. So it is enough to

evaluate the area in the first quadrant. Here as above we can see that the region

is bounded by r =0 and » = 1 — cos§. Hence

/2 1—cos @
A:4/ (/ Tdr>d9:37T
0 0 2
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150 ’7 "1'/- N AN
/r=1-cos(t) / AN

180 Pl | [
40 £

Figure 8: 6(b)

7. (a) Asin problem 3, we use the formula V = [[, f(z,y)dA, where f(z,y) > 0. In this
case f(x,y) =z and the domain R is bounded from below by r» = 1 and above by

r =1+ cosf (with respect to origin). Hence

w/2 pl4cosf 4
V:2/ / (rcosﬁ)rdrd9:f+5j
o J1 3 8

Volume = // (V2 —=r2)rdrdfd
R

w/4 V2 cos 26
:4/ (/ \/2—r27“dr) do
0=0 0

omv2 32 [T/4

- ”3[_33/ (1 — cos? 6) sin 6d6
0

_ 6mV2+40v2 — 64

9

8. (a) Using the cylindrical coordinates x = rcosf,y = rsinf and z = z, the given

domain may be represented as
D={(r6,z): 0<r<1,0<60<2mr, —-1<z<1}.

Hence the integral becomes

1 27 1
/// 222 + yH)dV —/ / / (22r?)rdrdfdz
D z=—1J60=0Jr=0
1 27
/ / 2lapd. = T
z=—1J0 4 3

(b) Again using the cylindrical coordinates

D={(r6,2): 0<z<r% 0<r<1,0<6<2r}.
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Hence
2w 1 r2
/// xyzdV = / / / zr® cos 0 sin Odzdrdd = 0
D 6=0 Jr=0 Jz=0
(c) In this case, using the spherical coordinates = rcos@....... , the domain is repre-
sented as
D={(r60,0):0<r<1,0<¢<m0<60<2r}
Hence

(22442 +22)3/2 . 2m el 3 9 . . 4
e av = e r°sin¢pdrdpdd = —(e — 1)
D 6=0J0 0 3

9. (a) This is like tetrahedron with base on the xz-plane. The limits of y for the solid
are y = 0 to y = 2 — 2z. The triangle on the zz-plane is bounded by x = 0,y =0
and x + z = 1. On this triangle 0 < z <1 —z and 0 < z < 1. Hence volume is

equal to the iterated integral

1 l-x p2-2z
V= / / / dydzdx
z=0 J z=0 y=0

(b) Imagine the solid as the piece of parabolic cylinder on over the region R of the
xy-plane bounded by z = 4 — 42 in the first quadrant. Over the solid z varies from
0Oto2—yand R={(z,y) :0<y<+v4—2,0<z<4}. Hence

4 Vi—z 2—y 2 4—y2  p2—y
\% :/ / / dzdydx :/ / / dzdzdy
z=0 Jy=0 0 y=0 Jz=0 0

_3p_3y
(c) V= lezo 02_296 f03 ] dzdydzx

(@ V=8 [yl Jy dedyd

Figure 9: 9(d)

VA—z2 _x
(e) V= f2:_2 y:4_\/m f03 dzdydx
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x2+y2:4

Figure 10: 9(e)

2 z+2 prz+3
) V=l y=a? Jz=(22+y?)/4 dzdydz = %

(g) The region is bounded above by the surface z? = 2 — 2% — y? and the lower surface
2z = 22 + y2. Hence the limits of z are 22 + y? < 2 < 2 — 2% — y°.
The given surfaces intersect on the plane z =1 (224+2-2=0 = z=1,-2). So
the solid base is the circle 2+ = 1. The limits of y are —v/1 — 22 < y < /1 — 22
and that of x are —1 <z < 1.

Figure 11: 9(g)

Now going to cylindrical coordinates

/2 pl V2—r2
V= 4/ / / r dzdrdf
=0 Jr=0Jr2
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(h) In cylindrical coordinates, the given solid is bounded by z = r and z = r2. The

solid is obtained by rotating the area between z = r and z = 2. Hence

SO SIS SRL
RN

>

03 y

Figure 12: 9(h)

27 1 r T
V= / / rdzdrdd = —
0=0 Jr=0 J z=r2 6

10. Mass M = [[[, 6(z,y,2)dV = fol fol fol(ac +y+ 2+ 1)dzdydx
First moments about the coordinate planes:
My = [[[pxé(2,y, 2)dV = fol fol fol z(z+y+ 2+ 1)dzdydz
My, = [[[pyd(z,y,2)dV, My = [[[,20(z,y,2)dV

My, — _
Center of mass:T = 7, y:%, zZ= 7

Moments of inertia about the coordinate axes:

L= [J]p(y* + 2%)d(,y,2)aV, I, = [[[p(a® + 2%)d(x,y,2)aV, L. = [[[p(a* +
y*)o (@, y, 2)dV

11. Use the formulas above in the domain D = {(z,y,2): 0 <2 <2,0<y<2? 0<2<
4 — 2%},

12. (a) The Jacobian of the transformation is

a 0 O
J(uvw):M 0 b 0 |=abc
T O(u,v,w)
0 0 ¢

The transformation maps the ellipsoid into the unit ball ©? + v? + w? < 1. Hence

V:/// dV:/// abch:gabc.
ellipsoid unit ball 3
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(b)

13.

39

The inverse of the given transformation is * = u,y = ¢ and z = 5. So the required

Jacobian is

1 0 0
d(z,y,2) o 1 1
J = =|-% L 0|==
O(u,v,w) utouw 3u

0 3

and the given integral is

///a:y—i—?)xyz / / / (v+w)dudvdw:2+3log2
v=0 Ju=1 u

The surface S may be defined as f(z,y,2) = z — g(z,y) = 0 over R of xzy-plane.

So we can project it on to R and the normal to R is k. We use the formula

Surface area ofS = / / \Vf|
R

VD
where p is the unit normal to the R, which is k in this case.
fle,y,z) = a2 +y?> — 2, Vf =221+ 2yj — k and |Vf| =
domain R = {(z,y) : 22 + y*> <2} and |Vf - p = 1. Hence

S = // VAx? 4+ 4y? + 1dA = /%/

The surface S is

VA4r? +4y?2 + 1. The

137
Yrdrdf = —
Yrdr 3

Viar? +1
The required surface is on the plane = + 2y + 2z = 5 and it is defined on as
2z — g(z,y) = 0 on R of xy-plane that is bounded by = = y? and = = 2 — 3.

The equation of surface is f(z,y,2) =x 4+ 2y +2z—-5=0. So

Vf=i+2j+2k p=k|Vf=3,|Vf p|=2

1 p2—92
- fam-3).
R2 2 —1 y2

The surface S is the portion of the sphere above zy-plane. So the equation of
surface is f(x,y,2) = 22 +y> + 22 — 2 = 0. The cone z = \/m and sphere
22 4+ 2 + 22 = 2 intersect on z = 1 (by solving 22 +z —2 =0). So p =k, |Vf| =
V8,|Vf - p| = 2z. The projection of this portion of the surface that lies on z = 1
onto zy-plane is the unit disc #? + y? < 1. Therefore, R = {(z,y) : 22 +y* < 1}.
Also

Hence

dxdy = 4.

VA _ V8 _ V2
VBl 22 /2— (22442

as 22 +y? + 22 =2 on S. Hence

5= // 2—m2+y a4 = \[/%/0

rdrdf
oEri

21(2 — V/2)
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Pry+d

Figure 13: 13(d)

(d) In this case, p = ];‘,f(:L‘,y,Z) =224+y+22—2=0and R= {(z,2) : 22 + 2% < 2}.
Hence

2m V2 137
S:// \/4x2+4z2+1dA:/ / \/4r2+1rdrd9:T
R 0 0

(e) The surface is symmetric and its area is equal to 4 times the surface area of
f(z,y,2) =2 + 22 — 4 = 0 defined over 2% 4+ y? < 4. Vf = 2yj + 22k, p = k and
Vf-p=2z=2y/4—19y%on S. Hence the surface area is

5_4// 2dA _8/2/\/492 dx dy
R /4 —y? —2J—\/1my? /4 — y?

Figure 14: 13(e)

(f) The equation of surface is 22 + y? — 22 = 0. The projection of the required surface
onto xy-plane is (x — 2)? +y% < 4. On the surface |[Vf.p| = 2z and |V f| = 2v/22.
Hence
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Figure 15: 13(f)

s= ], |v|jf| = Ve

(g) The parametrization of the surface using cylindrical coordinates is
T(0,2) = 4cos® 0i + 2sin 20 + zk,0 < z < dcosf, —m/2 < 0 < /2.

Limits of z are obtained by substituting « = 4cos? 6,y = 2sin 26 in 22 = 22 + y>.

A~ ~

i J k
o X T.=| —4sin20 4cos20 0 |=4cos20i+ 4sin26;.
0 0 1
Hence
/2 4cosf
S = / / 4dz df
—7/2 Jz=0

Figure 16: 13(g)
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(h) The parametrization of the surface using cylindrical coordinates is
7(0,2) = acosbi + asinbj + zk
over the parameter domain

R={(0.2): —n/2<60<m/2, 0 < z<2acosb}.

Therefore,
i 7k
Tox T,=| —asing acosd 0 |=acosbi+asinf].
0 0 1
Hence
/2 2a cos 6
S = / |79 X 7 .|dzdf = 4a>
—7/2J0

Figure 17: 13(h)

(i) The surface is given by y = v2z — %2 = 0 which is symmetric about zz-plane.
p=173,IVf Pl =2y=2V2x—22on S and |[Vf| = \/4(x — 1)2 + 4y> = 2. The
projection on the zz-plane is

R={(z,2):0<2<20<2<4-—2z}.

Hence

g / / dA /2 /4—% dzdx A
= —_— = —_— = 477
R V2x — 22 2=0J2=0 V2x — x2
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14.

(a)

No = M @ & oo; o~ @

Figure 18: 13(i)

The bottom face S; of the cube is in the xy-plane, so the surface is defined by
f(z,y,2) = z = 0. On this face, g(z,y,2) = x +y and p = k. |Vf = k, and
IVf-p|=1. Hence

//Slgdsz//R(x‘i'y)dxdy:/Oa/oa($+y)dxdy:a3,

Because of symmetry, we also get a® over the face of the cube in the zz-plane
and yz-plane. Next, on the top of the cube g = x +y+a and f = z = a and
ff32 gdS = 2a3. Again by symmetry, [[ . gdS = 9a3.

On the face S7 in the xz-plane, we have Sy : f(x,y,2) = y = 0 and g(z,y,2) =
g(x,0,2) =z,p=j. Vf=7,|Vf-p| =1 and hence ffSl gdS = fol f02 zdzdy = 1.
On the face in the xy-plane, we have Sy : f(z,y,2) = 2 = 0,9(z,y,2) = y,p = k
and Vf = k and hence IJs, 9dS = fol f02 ydxdy = 1.

On the triangular face in the plane z = 2, S5 : f(z,y,2) = x—2 =0 and g(z,y,2) =
y + 2. Hence [[g gdS = [[g (y+2)dS = Jo a7V + 2)dzdy = 1/3

On the triangular face in the yz plane, f =2 =0,9 =y + 2,p = ¢ and ffs4 gdS =
I Yy + 2)dzdy = 1/3.

On the sloped face, f = y+2z—1,9g =y + 2,p = k and Vf = j + k and hence
ffss gds = fol f02 V2dudy = 2v/2

On the coordinate planes, g(x,y,z) = 0 and the integral over these faces is zero.
On the face Sy :x =a,f=z—a,9g =ayz,p = i and V f = 1. Therefore, ffSl gdS =
afocfé)yzdydz: #. On the face So:y =b, f=y—b=0,9 =bxz,p=j,Vf=
j and [[s, 9dS = #1’62. Ontheface S3:z=c, f—z2—c=0,9=cay,p=k,Vf=k
and fng gdS = #ﬂ

15. A parametrization of C' is x =5+ 2cost,z = 7+ 2sint,0 < t < 27w. Hence

271
/ Fodv = / (—56sint — 16sin®t — 30 cost — 12 cos? t)dt = —287
C 0
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16. 2 = 4cost,y = 3sint and the given curve is 7 () = 4 costi + 3sint;,0 < t < 2. Now
substituting in F', we see F.d7 = —15sin2t + 48. Therefore W = f027r(—15 sin 2¢ +
48)dt = 967

17. Work done W = f(_l’lgzj) ? -d7. The ellipse is C' : z = cost,y = bsint. As we move

from (—1,0) to (1,0), t varies from 7 to 0. Therefore
s
W= / F.dv = —/ (3b%sin? t + 2)(—sint) + 16bcos® tdt = 4b*> — 87b + 4
C 0
Now by the derivative test, we can show that W is minimum at ¢t = 7.

18. (a) By Green’s theorem ¢, Mdx + Ndy = ffD(%—J‘y/I — 9¥)dA. The region D is the
domain bounded by the curve C. Here M = y? and N = . Hence

//DQ(x—y)dA—2/ol /le(a:—y)dydx—O.

(b) In this case M = 3y and N = 2x. Therefore,

//D(Q—S)dA:—/OW/OSidedy:—z

(c) Here M = 6y + = and N = y + 2x. Therefore,

//D(z —6)dA = —16m.

19. Use the formula: Area of R = % 550 xdy — ydx, where R is the region bounded by the

curve C'

2 .
(a) R=1% o a*cos?t 4 a’sin’t = a’m.

(b) R=3 027r3(:os4tsin2t—|—3cos2tsin4t:%7r
V3 3
() R=5 [Nt —1) —2t(5 —t)2t = §V3

20. (a) M =4x —2y, N =2z — 4y and x = acost,y = asint,0 < ¢t < 27. The work done
W is
W—%(4x—2y)d:c+(2x—4y)dy—4// dA = 167
C R

(b) In this case, R is the domain bounded by ellipse

W= //R(y— 1)dydx = —6m

21. (a) The projection of the surface S on the xy-plane is the rectangle R with vertices
(1,-1,0),(1,1,0),(0,1,0) and (0,—1,0). The surface is defined with equation

Fl@,y,2) =12 +22—1=0. So Vf = 2yj+2zk and |V f] = \/4(y2 + 22) =2 on S.

Therefore, unit outward normal is n = % =yj+ zl%, and p = k. Also YL — 1

M
Flux://?-ﬁdsz// LA = Aren of R = 2
S R %

Hence
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(b)

()

22. (a)

(b)

The surface (cap) is defined with equation S : f(z,y,2) = 22 +y?> + 22 - 25 =0
and the unit normal is 7 = %(m% +yj + zk) and F Aﬁ, = (2?2 + y?*2 + 2). The
projection of S on zy-plane is 22 + y? < 16 and p = k. Hence

//? AdS = //? ’V’Zﬂdd

2 4
— // ,(xQ + 2+ 1)§dA = / / (r2 + 1)rdrdf = 1447
RO z o Jo

Across the bottom of the cap: Sy : f(z,y,2) =2 —3,p = k, ?ﬁ =-1,7=—k.
The flux is [ F . hdS = [[r(=1)dzdy = —167. The total flux is 128.

We use simple parametrization of the surface 7(x, z) = xi+ x2) + zk,O <z<

1,0< z<4.

i7 k
TeXT.=|1 22 0|=221—J
0 0 1
and the normal is
jo LaXTe (207 — j)
‘?a: ?z‘ 422 +1
On the surface S, ? \/% Hence

Flux_//? AdS = //? AT e x T4 |dedz
:/0 /0(2:1:3z—x)dxdz:2

Take the equation of surface S : f(x,y,2) = x4+ y + z = 4 and its projection
R on the xy-plane as the given rectangle. n = % and p = k. Use the similar
calculations as above and substitute in

Flux_//? AdS = //? d:rd

The given surface is the surface of ellipsoid S : f(x,y, z) = ﬂ:2—|—5y2—|—(z—3)2—16 =0
centered at (0,0, 3). Use the method described above with given

The curve C' may be parametrized as 7 (t) = costi + sintj + tk,0 < t < /2 and

T odT = —sintcost +sintcost+t =1t

/(j?(t)-cﬁ_/oﬂ/gtdt_

The curve is C'is 7 (t) = costi+sintj,0 < t < /2 and ¥ -d 7 = —sin® t+2cos? .

w/2
/ W-d?:/ (2cos’t — sint)dt = /4
C 0
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K. Sreenadh

This problem can be solved directly also. Here we give a solution using concepts
from Linear algebra. We define the new coordinate system in which the plane
x4+ y+ z=0is the XY plane.

Define the new coordinate axes as

1
X:ﬁ(a:—l—y—l—z), Y:ﬁ(x—y), Z

The given curve in the new coordinate system is

(x +y — 22).

_ 1
G

X =0,Y =acost Z=asint, 0 <t < 27.

Also
1 1 1 1 1 1 1 2
t=-"X+—Y4+—Z y=—X—-—-Y+—Z, 2=-—-X -7
BT WY T BT TR TG VR
Then

a 2ma

/%( )d /%( U cost + 2L int)(—-L sint + - cost)dt
Yy —z)axr = - —sint)(——=sin — = —
0 0o V2 V6 V2 V6 V3

Similarly,

21a?

x4+ 2)dy =0, and/(x—ydz:— .

Joe o=

Hence )
dma

y—z)dr + (z+ 2)dy + (x — y)dz = —

L=+ @t g+ (@ = )iz = -

The given circle C' is: (r — 1)2 +3? = 3, 2 = 1 and so on the circle dz = 0.

Therefore,

j{?.d?—% Fidz + Fady + F3(0)
C C
:fydxjtxdy:?{ V(xy)'d7:0a
C C

since C is closed.
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