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1 Definite Integral

1.1 Definition, Necessary & sufficient conditions

Let f : [a,b] — R be a bounded real valued function on the closed, bounded interval [a, b]. Also

let m, M be the infimum and supremum of f(x) on [a, b], respectively.

Definition 1.1.1. A partition P of [a,b] is an ordered set P = {a = xg, x1, T2, ..., T, = b} such
that xo < 1 < ... < xp,.

Let my, and M}, be the infimum and supremum of f(z) on the subinterval [zj_1, x|, respectively.

Definition 1.1.2. Lower sum: The Lower sum, denoted with L(P, f) of f(x) with respect to
the partition P is given by

L(P, f) = ka(ajk — Tp_1).
k=1

X

b
Lower Sum

Definition 1.1.3. Upper sum: The Upper sum, denoted with U(P, f) of f(z) with respect to
the partition P is given by

U(P, f) =) My(z), — zp1).
k=1

f(x)

= > X

Upper Sum

For a given partition P, U(P, f) > L(P,f). In fact the same inequality holds for any two

partitions. (see Lemma (1.1.6) below.)

Definition 1.1.4. Refinement of a Partition: A partition Q is called a refinement of the
partition P if P C Q.
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The following is a simple observation.
Lemma 1.1.5. If Q) is a refinement of P, then

L(P, f) < L(Q, f) and U(P, ) = U(Q, f)

Proof. Let P = {x0,x1,%2, ..., Tk—1, Thy ..., Tn } a0d Q = {x0, T1, T2, cooy Tp—1, 2, Ty ooy Tp }-

x(k-1) z x(k)

Refinement (lower sum)

Then

L(P, f) =mo(x1 —xo) + ... + mp(zp — xp—1) + oo + Mp—1(Tp, — Tp—1)
< mo(zy — 20) + .. +my(Tp — 2) + My (2 — Tp—1) + oo+ M1 (T — Tp_1)
= L(Q, f)
where m, = [inf] f(x) and m, = [ inf ]f(a:)
2,Tk Tk—1:%

Lemma 1.1.6. If P, and Py be any two partitions, then
L(P17f) < U(P27f)
Proof. Let Q = P, U P,. Then @ is a refinement of both P; and P». So by Lemma (1.1.8),

L(P, ) S L(Q, f) SU(Q, f) Uy f).

Definition 1.1.7. Let P be the collection of all possible partitions of [a,b]. Then the upper
integral of f is

b
/ f=inf{U(P,f): P € P}
and lower integral of f is

b
/ f=sup{L(P, f): PeP}

An immediate consequence of Lemma (1.1.6) is
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Lemma 1.1.8. For a bounded function f : [a,b] — IR,

/:fs/:f.

Definition 1.1.9. Riemann integrability: f : [a,b] — R is said to be Riemann integrable if

/abf: /abf

b
and the value of the limit is denoted with / f(z)dx. We say f € Rla,b].

Example 1.1.10. f(z) =z on [0, 1]

Consider the sequence of partitions P, = {0, = 2, : 21, Then

’n’n

n—1

1 1 1 1
L(Paf)=0-—+—-—+ -
n n n n n

:ni[1+2+...+(n—1)]

1
Thus lim L(P,, f) = 7 Hence

n—oo

Hence from the definition fo x)dx > 1 . Similarly
1 1 2 1 nl n(n+1
02 P O NP L S O S B
n n o non nn 2n
1 J—
Hence lim U(P,, f) = =. Again from the definition fl fx)dr < L.
n—00 2 0 2
Example 1.1.11. f(z) = 22 on [0,1]
Consider the sequence of partitions P, = {0, o n, oy T2 n} Then
1 1 [2)\° 1 ny\2 1
b= L L () L Ly
n® n n n n/ n

1
= $[1+22+...+n2]

n(n+1)(2n+1)
6n3
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1
Thus le U(Py, f) = 3 Similarly

nin—1)(2n —1)

2 2
L(Pn,f):o-i+<1> ‘1+...+<”_1> %:%[1+22+...+(n—1)2]:

n n n n 6n3
. 1
Therefore, lim L(P,, f) = =.
n—00 3

Hence from the definition f;f >1/3 and fagf <1/3.

Remark 1.1.1. In the above two examples fol f= fOTf thanks to Lemma 1.1.8
The following example illustrates the non-integrability.

1> era
0, z&0Q.

Example 1.1.12. On [0, 1], consider the function f(z) =

Let P be a partition of [0, 1]. In any sub interval [zj_1, zx], there exists a rational number and

irrational number. Then the supremum in any subinterval is 1 and infimum is 0. Therefore,

L(P,f) =0and U(P, f) = 1. Hence fgl I # fon.

Necessary and sufficient condition for integrability
Theorem 1.1.13. A bounded function f € R[a,b] if and only if for every e > 0, there exists a

partition P, such that
U(P, f)—L(P., f) <e.

Proof. <: Let € > 0. Then from the definition of upper and lower integral we have

b b
/ ;- / f SU(P., f) = L(Pey f) < € by hypothesis).

Thus the conclusion follows as € > 0 is arbitrary.

=: Conversely, since fab f is the infimum, for any € > 0, there exists a partition P; such that

b
€
U(P1, f) </ f+35
a
Similarly there exists a partition P, such that

b
L(P27f)>/ f_g
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Let P. = P, U P,. Then P, is a refinement of P; and P,. Hence
U(P57f)_L(P€7f) SU(Plaf)_L(P27f)
b b
€ €
< Z i
_/a I /af+2
b b
=€ (as fis integrable,/ f :/ f)

This complete the theorem. ///
Now it is easy to see that the functions considered in Example 1 and Example 2 are integrable.
For any € > 0, we can find n (large) and P, such that 1 < e. Then

n

U(Pnaf)_L(anf):i(n(n—i-l)—n(n—l)): L

— < €.
o2n? n

As a consequence we have the following sequential characterization:

Theorem 1.1.14. f : [a,b] — R is integrable if and only if there exists a sequence {P,} of

partitions of [a,b] such that
lim U(P,, f) — L(P,, f) =0.

n—oo

1
Example 1.1.15. Consider f(z) = — on [1,b].
x

Divide the interval in geometric progression and compute U(P,, f) and L(P,, f) to show that
feR[LD].
Solution: Let P, = {1,7,72,...,7™ = b} be a partition on [1,b]. Then

UPo, f) = F)(r = 1) + f(r)(r? =) + oo+ fE"H ™ =)

1 _
=(r-1)+ ;r(r -1+ + rnilr” Yr—1)
=n(r—1) =n(bn —1)
1 1
b — 1 b Inb(—%
Therefore lim U(P,, f) = lim —5— = lim # = Inb.
Similarly

L(Pa, f) = F@)(r = 1) + f(2) (1 =7) + o4 )" ="
= %(T -1)+.+ rinrnfl(r -1)

1 1
:;(b" —1)—71(1—%)

Hence lim L(P,, f) = b;//% — Inb as n — oc.



Calculus lecture notes 7

Definition 1.1.16. Riemann sum: For a partition P = {x1,x9, -+ ,x,}, the Riemann sum

S(P, f) is defined as S(P, f) = Zf({l)(a:Z —xi—1), & € [xim1, x4
i=1

Then it is easy to show the following

Remark 1.1.2. If m = [ing] f(x), and M =sup f(z). Then
@s [a7b]

m(b—a) < L(P,f < S(P,f) <U(P, f) < M(b— a).

In fact, one has the following Darboux theorem:
Theorem 1.1.17. Let f f : [a,b] — IR be a Riemann integrable function. Then for a given

1<t

€ > 0, there exists 0 > 0 such that for any partition P with ||P| := max |zi — 1| < 0, we
<n

have

b
IﬂRﬂ—/ﬂ@MRe

Corollary 1.1.18. If f € Rla,b], then for any sequence of partitions {P,} with ||P,|| — 0, we
have L(P,, f) — ff f(z)dz and U(P,, f) — f;f(x)dm

Remark 1.1.3. From the above theorem, we note that if there exists a sequence of partition
{P,} such that |P,|| = 0 and U(P,, f) — L(Pn, f) #+ 0 as n — oo, then f is not integrable.

Problem 1.1.1. Show that the function f:[0,1] — IR

14z z2€Q
flz) =
l—2z z4£Q
18 not integrable.
Solution: Consider the sequence of partitions P,, = {0, %, %, wory 7w =1}. Then
1.1 2.1 n, 1
U(P, =1+)—+00+2)= 1+ )=
(P )= (4 D)+ (4 D) ot (14 )1

Now using the fact that infimum of f on [0, %] is1— %, though it is not achieved, we get

1 n, 1 1
S+ (1= 5 2 asn o oo
)n+ + ( ) 5 881 = 00

1.1 2
n n'n

L(me):(l—;);‘*‘(l—

Hence f is not integrable.
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Theorem 1.1.19. Suppose f is a continuous function on [a,b]. Then f € R|a,b].
Proof. Let € > 0. By Theorem 1.1.13, we need to show the existence of a partition P such that
U(Paf)_L(P7f) < €.

Since f is continuous on [a, b], this implies f is uniformly continuous on [a,b]. Therefore there
exists 6 > 0 such that

o=yl <3 = 1fa) ~ )] < gy (1)

Now choose a partition P such that

sup |xp — zp_1| < 9. (1.2)
1<k<n

As f is continuous on [a, b] there exist z}, ) € (zx_1,2) such that my, = f(x,) and My, = f(z},).
By (1.2), [, — x| < 8 and hence by (1.1) [f(z}) — f(})] < gy Thus

€
a

n

U(P, f = L(P, f) = Y _(My, — my)(x), — xp1)

k=1
= (flap) = fl@) (@ — 71-1)
k=1
<0-a D (wh = wp) = (b—a)(b_a) =€

Therefore f € R[a, b].

Integrability and discontinuous functions:

We study the effect of discontinuity on integrability of a function f(x).

Example 1.1.20. Consider the following function f :[0,1] — R.

Clearly U(P, f) = 1 for any partition P. We notice that L(P, f) will be less than 1. We

can try to isolate the point r = % i a subinterval of small length. Consider the partition
1 1
P. = {0, % -5, % + 5,1}, Then L(P., f) = (5 — g) +(1- 5~ %) =1 —e. Therefore, for given

€ >0 we have U(P,, f) — L(P., f) = €. Hence f is integrable.

In fact we have the following theorem.
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Theorem 1.1.21. Suppose f : [a,b] — R be a bounded function which has finitely many discon-
tinuities. Then f € Rla, b].

Proof follows by constructing suitable partition with sub-intervals of sufficiently small length

around the discontinuities as observed in the above example.

1.2 Properties of Definite Integral:

b
Property 1: For a constant ¢ € R, / cf(x)dx =c f
Property 2: Let fi, fo € Rla,b] . Then

/ab(fl + f2)(x)dz = /ab fi(z)dz + /ab foz)da

Easy to show that for any partition P,

U(Paf1+f2)§U<P7f1)+U(Pvf2) (1'3)
L(Paf1+f2)ZL(P7f1)+L(P7f2) (14)

Since fi, fo are integrable, for € > 0 there exists P;, P> such that

U(P1, f1) — L(Py, f1) <e
U(Pz, fa) — L(Py, f2) <€

Now taking P = P; U Ps, if necessary, we assume
U(Pvfl)_L(Pafl)<€a U(Pvfl)_L(P7f2)<€ (15)
Therefore, using (1.3)-(1.5) we get

U(P, fi+ f2) = L(P, f1 + fa) SU(P, f1) + U(P, f2) — L(P, fa) — L(P, f2)
< €+ € = 2e.

Hence, f1 + f2 is integrable.
b n
[+ R)@)ds =t S(Pfi+ ) = Jim >+ (€N —ic)

ZJLH;OZfl &) (2k — 2x—1) + lim Zfz (&) (@ — Tp-1)

:/fl d$+/f2
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Property 3: If f(x) < g(x) on [a,b]. Then

[ < [ gt

b
First we note that m < f(z) < M implies m(b — a) < / f(z) < M(b—a). Then Property 1

b b %
and f(a) < gla) imply [ (9= )= 00r [ glayis > [ fla)da.

b b
Property 4: If f € Rla,b] then |f| € R[a,b] and |/ flz)dz| < / |fl(x)dz. Let m, =
inf _|f|(x) and M, = sup |f|(z). Then we claim.
[xk—lvxk} [a:k_l,ack]

. / I
Claim: My —my > M, —m,

Proof of Claim: Note that for x,y € [z;_1, 2],

[f1(2) = 1fI(y) < |f (@) = f(y)] < Mi(f) — ma(f).

Now take supremum over x and infimum over y, to conclude the claim.

Now since f is integrable, there exists partitions {P,} such that lim U(P,, f) — L(P,, f) = 0.
n—o0

ie.,
n

lim (Mk - mk)(mk — xk,l) =0.
n—00 Pt

This implies
n

lim > (M, —m))(x) — xp_1) = 0.

Hence |f| is integrable. Note that —|f| < f <|f|. Thus by Property 3 we get

-/ 7l < / ’ fla)dr < / () = | / e / ()

Property 5: Let f be bounded on [a,b] and let ¢ € (a,b). Then f is integrable on [a, b] if and

only if f is integrable on [a, ¢] and [c,b]. In this cases

/abf(:r)dx:/acf(x)dac—i—/cbf(x)dx.

Let f be integrable on [a,b]. For € > 0, there exists partition P such that

U(P, f) — L(P, f) < . (1.6)
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With out loss of generality we can assume that P contain ¢. (otherwise we can refine P by adding
c and the difference will be closer than before) Let P, = P N [a,c] and P» = PN |c,b]. Then Py
and P, are partitions on [a, c] and [c, b] respectively. Also by (1.6), U(Py, f) — L(Pi, f) < € and
U(Pa, f) — L(Pa, f) < e. This implies f is integrable on [a,c] and [c, b]. Conversely, suppose f
is integrable on [a, c] and [c, b]. Then for € > 0, there exists partitions P of [a, ¢] and P of [c, ]
such that U(P1, f) — L(P1, f) < § and U(P, f) — L(P», f) < §. Now take P = Py U P,. Then
U(P, f) — L(P, f) < e. So by Remark 1.1.2, there exists {P,} such that

b
[ f@de = lim S(Pa, ) = lim 3 (6w - )
a P,

= Z F&)(xp — xp—1) + Z f(&r) @y — zp-1)

P.Na,c] PNle,b]
c b
H/ f(m)dx+/ f(x)dx
Problem 1.2.1. Show that the following function f :[0,1] — R.

for somen € Nyn > 2

~

~~

8]

N—

Il
3= 3=

1s integrable.

1
Solution: Let ¢ > 0. Choose N such that N < % Note that f(x) has only finitely many
discontinuities in [%, 1] say &1,&2, ..., & . Define the partition P, as

€

1 € € €
Po={0,~, & - & b= ek S
€ {OvN)fl 47’"51—'_47’" aé’r‘ 4T’€T+4T, }

Since &, is the last discontinuity, f = 0 in [§, + 4+, 1]. Now L(F, f) = 0 and

1 € € € €
Pof)=1 — 4t —did—+0-(1—& — —
U(Pe f) N+27“+27“+ +2r+0 (1-& 41”)
_ 1 +e<
TN 2S¢

Therefore f is Riemann integrable.

Example 1.2.1. Consider the following function f :[0,1] — R.

0 reQ

=4~
siny r¢Q

Solution: We will show that f is not integrable on a sub interval of [0,1]. Consider the f on
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the subinterval I; = [2,1]. Clearly L(P, f) = 0 for any partition P of I; because f(z) > 0 in
the sub interval [%, 1]. Let My be the Supremum of f on subintervals [xx_1, x| of [%, 1]. Also

the minimum of M s is sin 1. Therefore,

s

UP.F) =3 g0 —ai1) > (1 - 2)sin.
k=1

Hence U(P, f) — L(P, f) can not be made less than e for any ¢ < (1 — 2)sin1. Therefore f is

™
not Riemann integrable.

Mean Value Theorem

Theorem 1.2.2. Let f(x) be a continuous function on [a,b]. Then there exists & € [a,b] such
that

b
/ f(@)dr = F(E)(b— a).

Proof. Let m = m[inb] f(xz) and M = m[a>l<7] f(x). Then by Property 3, we have
x€|a, xE|a,

b
m(b—a)g/ fF<M(b-a),

ie.

1 b
S ) 1M

Now since f(x) is continuous, it attains all values between it’s maximum and minimum values.

1 b
Therefore there exists £ € [a, b] such that f(§) = o=a) / f.

Fundamental Theorem

Theorem 1.2.3. Let f(x) be a continuous function on [a,b] and let ¢p(z) = / f(s)ds. Then
¢ is differentiable and ¢ (z) = f(x).

Proof. Using the domain decomposition property,

¢+ Az) —o(z) 1 z+Az
A = Aaz/x f(s)ds.

By Mean value theorem, there exists £ € [x,z + Az| such that

r+Azx
/ f(s)ds = Azf(€).
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Therefore
lim 2EFAD) =@ p e

Axz—0 Ax Az—0

Now by continuity of f, we get

lim £(§) = /(lim €)= f(a)

Az—0

Thus ¢ (z) = f(x).

Remark 1.2.1. It is easy to note from the above theorem that, if f is integrable then ¢ is

continuous.

Now we ask the following important
b
Question: It is always not true that / f(z)dz = f(b) — f(a).?
The answer is NO. For example, take ¢
?sin: z#0

fla) = @ .
0 x=0

Then f is differentiable for any = € R and the derivative of f is
2:ltsingc—12 — %cosg%2 x#0

0 z=0

fi(z) =

Therefore f’ is not bounded and so not integrable.
Definition 1.2.4. A function F(z) is called anti-derivative of f(z), if F'(x) = f(x).
Second Fundamental Theorem:

Theorem 1.2.5. Suppose F(x) is an anti- derivative of continuous function f(x). Then
b
fa f(x)dx = F(b) — F(a).

Proof. By First fundamental theorem, we have
4 /x f(s)ds = f(x)
dx J, N ’

Also F'(z) = f(x). Hence / f(s)ds = F(z) + c for some constant ¢ € R. Taking z = a, we get
¢ b
¢ = —F(a). Now taking x = b we get / f(z)dx = F(b) — F(a).

Remark 1.2.2.
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b
If f is integrable and if there exists F' such that F' = f, then / f(z)dz = F(b) — F(a).

1 T
Problem 1.2.2. Show that lim — / sin(t?)dt = 0.

Solution: By L’Hospital’s rule and above theorem,

1 x
lim / sin(t?)dt = lim sin(z?) = 0.
0

z—0 T z—0
Change of Variable formula

Theorem 1.2.6. Let u(t),u/(t) be continuous on [a,b] and f is a continuous function on the

interval u([a,b]). Then
[ st = [ sy
u(a) .

Proof. Note that f([a,b]) is a closed and bounded interval. Since f is continuous, it has primitive
F.ie., F(z) = / f(t)dt. Then by chain rule of differentiation, %F(u(t)) = F'(u(t))u'(t). i.e.,
F(u(t)) is the priamitive of f(u(t))u'(t) and by Newton-Leibniz formula, we get

b
[ty @ = ) - Futa)).
On the other hand, for any two points in u([a, b]), we have (by Newton-Leibniz formula)
B
| fay=F(B) - Fa)
Hence B = u(b) and A = u(a).
1
Example 1.2.7. Evaluate / x\V 1+ 22dx.
0

Taking u = 1 + 22, we get v/ = 2z and u(0) = 1,u(1) = 2. Then

/m\/ﬁdm— /fdu_

2l
3

1 1 2
— 1= =(23 = 1).

2 Applications of definite integrals

Suppose f(x) > 0 on [a,b]. Then it is clear from the definition of Definite integral that the area

under the curve y = f(z) can be approximated by Riemann sums. i.e.,

A zn:f(@)(xZ —Ti_1) — /bf(a:)dx as n — 00.
k=1 @
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Similarly, the area bounded by the curves y = f(z) and y = g(x) where f(x) > g(z) on [a,b] is

b
A= [(#@) - gla)da.

Example 2.0.1. Find the area bounded by y = x> and y> = x

The curves interest at = 0, 1. The upper curve is y> = z and lower curve is y> = x. So by the

above formula

A:/Ol(ﬁ—wQ)dm:

One can also find by integrating along y: A = /1(\/17 —y)dy = %

Polar coordinates ’

A point (z,y) on the zy-plane is assigned polar coordinates (r,#) if the point is at a distance
r= \/m from the origin on the ray at an angle 6 with positive z-axis. We allow r negative
with convention: (—r,6) = (r,0+). Each point on the plane has infinitely many representations
in polar form, for example (1,0) is at a distance of 1 units from the origin on the z-axis. So it
can be represented in polar form also as (r,0) = (1,0). Also it is same as (1,2n7),n € N and
(=1, 7). Each point (r,0) is same as (r,0 + 2n7) for all n € N.

Example 2.0.2. The point (2,7/6) can also be represented by (—2, %) and (-2, IF)

Relation with cartesian coordinates:

We often use the following relations:

1. Given the polar coordinates (rf), we can write the cartesian coordinates using x = r cos 6,

and y = rsiné.

2. Given the cartesian coordinates (x,y), we can write polar coordinates using r = /22 + y2,
and 6 = tan~1 (%)

Circles and Straight lines:

1. The circle 22 +y? = a? in cartesian coordinates, using (1) above, 72 cos? 6 4 r2sin? 0 = a?

which is r = a.

2. The circle (z — a)? +y?> = a> = 2% +y? — 2az = 0, again by (1) above we get
r2 —2arcos =0 = r = 2acosb.

3. The circle 22 + (y — a)? = a*> = 2?2 +y?> — 2ay = 0, again by (1) above we get
r2 —2arsing =0 = r = 2asinf.

4. The straight line y = max is § = tan™'m

5. The straight line x = a is r = asecf and y = b is r = besc .
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Symmetry in polar coordinates: The symmetry of the graph of the function in polar coor-

dinates helps one to plot/trace the graph. There are three types of symmetry principles.

1. For (r,6) on the graph, suppose (r, —0) is also on the graph. Then the graph is symmetric

about x— axis.

2. For (r,0) on the graph, suppose (r, 7—80) is also on the graph. Then the graph is symmetric

about y- axis.

3. For (r,0) on the graph, suppose (r, m+8) is also on the graph. Then the graph is symmetric

about the origin.

Examples 2.0.3. 1. (leminiscate): Consider the function r?> = cos20. If (r,0) is on the
graph, then r? = cos2(—0) = cos 20 implies (r, —0) is also on the graph. So the graph is
symmetric about T— axis.

Again, > = cos2(m — 6) = cos(2m — 20) = cos 20 implies (r,7 + ) is also on the graph.
Therefore, graph is symmetric about y-axis.

We can also see that (r, 7+ 0) is also on the graph. So the graph is also symmetric about
the origin.

Hence it is enough to trace the curve in the first quadrant. Now since r* > 0, the domain
of 0 in the first quadrant is [—7,T]. Also one can see by the derivative test that § = 0 is

a point of local mazima(see figure 1).

2. (Cardioid): Consider the function r = 1 — cosf. Then if (r,0) € graph = (r,—0) €
graph. So the graph is symmetric with respect to T— axis. So it is enough to trace the
curve for 0 < 0 < w. Again by derivative test we see that 6 = 0 is a point of minimum

and 0 = 7 is point of mazimum(see figure 2).

Area in polar coordinates: Let a region be bounded by the rays § = a and 8 = § and the
curve r = f(#). We approximate the region with n non-overlapping circular sectors based on
the partition P of angle 6 € [«, 8]. The typical sector has radius r, = f() and central angle

of radian measure Afy. Its area is % times the area of a circle 7. i.e.,

1 1
Ay = 57“;%&% = §f(0k)2A9k

The area of the region is approximately > ;_; Ay. Taking n — oo so that ||P|| — 0, we get

81 ) 1 (B )
A= §f(0) d9:§ r<df.

Problem 2.0.1. Find the area of the region enclosed by the cardioid r = 2(1 — cos ).
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r? = cos 28

- N
N N

D<é<2m

B2

Figure 1: leminiscate

r=1-—cos#

n<f<m D<h<2r

Figure 2: Cardioid

Solution: From the graph discussed above, the range of 8 is from 0 to 2w. Therefore, the area
is

2m s
A= 2/ r2d0:/ (3 + cos20 —4cosf)df = 6.
0 0

Arc length

Consider a curve defined by y = f(z) between z = a and z = b. For example y = sinz
between £ = 0 and w. The length of this curve can be approximated by sum of lengths of
straight lines connecting (0,0) — (7/4,sin(7/4)) — (7/2,sin(7/2)) — (m,0). The arc length s

is approximately

This approximation becomes better and better as we refine the partition P = {0, 7 /4, 7/2,7}.

For a given curve defined by function y = f(x) between x = a,b, we consider the partition
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P ={a=x9,x1,22,...04—1, Tk, ...x, = b}. Then the length of this curve may be approximated

by the formula

SNZ\/ —xim1)? + (f (i) + f(2i-1))?

Ti — Ti—1

N e N2 b
:Z 1+ <f(:m) I 1)) (xixil)ﬁ/ V14 (f'(z))%dr as n— o0
=1 a

The following two formulas are used for finding the Arc length or length of curve:

1. For a function y = f(x) between x = a and z = b

/ 2
s:/b 1+<;l£) dx

2. For a function x = f(y) between y = c and y = d

d | 2
s:/ 1—|—<Z/> dy

Problem 2.0.2. Find the arc length of the curve y = %xS/Q fromx=0tox=1
For the given curve f'(z) = z'/? The arc length is

5—/ VI1+(f'(x dx—/ \/l—l—azdar—f( 1+ 2)3% = (2\/5—1)

Parametric form: Suppose if an arc is defined in the parametric form x = z(t),y = y(t) be-
tween t = T and t = T5. Then we note from above approximation, that s may be approximated
by taking the partition P = {T} = t¢, t1,....,tn = T2} and

2 2
Ti—-1 Yi — Yi—1
Ng _ t; —t—
S <t—t11>+<ti_ti—1>(l zl)

— \/ '(t))? dt as n — oc.

Problem 2.0.3. Find the arc length of the curve defined by x = 2cos’6, y = 2cosfsinf ,
0<0<m.

Solution: This curve is a circle with radius 1 at (1,0). So the answer should be 2. Applying
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formula

s:/ V' (0)2 + y'(0)? d9:2/ \/(200898111(9)2—}-(C0829—81n29)2 do
0 0

:2/ \/cos49+2cos2951n20+sin49 df = 27
0

Problem 2.0.4. Find the arc length of an arc of a3 + y% =1.

Solution: Take the parametrization: z = cos®t,y =sin®t,0 <t < 5. Then

dz\>  [dy\>
(;) +<d‘z> = 9cos?tsin’t.

™

2 3
l:3/ cost sint dt = —
0 2

Hence the arc length is

Problem 2.0.5. Find the approzimate value of the length of ellipse © = acost,y = bsint,0 <
t <27 whena=1,e=1/2.

Solution: By the arc length formula,

w/2
l:4a/ V1 —e?cos? tdt
0

where e is ellipse’s eccentricity. This integral is non-elementary except when e = 0 or 1. The
integrals in this form are called elliptic integrals. We can use Trapezoidal rule to evaluate the
value when a =1 and e = 1/2. The answer with n = 10 is [ = 5.870.

Suppose the curve is given in polar form r = f(f), « < # < . Then by taking the
parametrization x = rcosf = f(0) cosf and y = rsinf = f(0)sinf with 0 € [, §], we get

% = f'(0) cos O — f(6)sin¥, % = f'(0)sin 6 + f(0) cos¥.

Hence the arc length is

B
1= [P+ TG

Application to Work done:

Suppose the force f(z) depends on position x is along a straight line from = = a to = = b. Let

neN, Az = bfT“ and x; = a + iAx for i = 1,2,...,n. Then the work done in moving a particle

under the force f(x) from zy_; to xj is approximately Wy, = f(x;)Az. The total work done (in
n

moving from a to b) approximately is W ~ Z f(zr) Az, z), € [x—1,7k]. Taking n — oo we get
i=1
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the total work done as W = ff f(z)dz.

Example 2.0.4. Find the work required to compress a spring from its natural length of 1 foot
to a length of 0.75 foot if the force constant is k = 16 kg/foot.

Solution: Hooks law says that the force it takes to stretch or compress a spring x length nits
from its natural length is proportional to z. i.e.,F' = kz, k is constant measured in force units
per unit length. Suppose the given springs is placed on the x— axis. It is fixed at x = 1 and
movable end at the origin. From the above formula, the force required to compress the spring
from 0 to x with the formula F' = 16x. To compress the spring from 0 to 0.25 ft, the force must
increase from F'(0) = 0 to F'(0.25) = 16 x 0.25 = 4 foot-kg. Therefore, the work done by F' over

this interval is

0.25
W = / 16zdz = 0.5 ft — kg.
0
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Volume of ”symmetrical” objects
Method of Slicing:

Consider a solid lying alongside some interval [a, b] of the x-axis. For each x let A(x) be the area
of the cross section (of the solid) obtained by cutting it with a plane perpendicular to the x-axis
at x. We divide the interval into n subintervals [z;_1,z;]. The planes that are perpendicular
to the z-axis at the points xg, 1, T2, ..., T, divide the solid into n slices. If the cross section
between [x;_1,x;] changes "little bit” along the that subinterval, then it can be approximated
by a cylinder of height z; — z;_1 with base A(z}),z} € [xi—1,2;]. So the volume of the slice is

Vi = A(x})(z; — zi—1). Then the volume of the solid can be approximated as
n n b
Vad Vi=Y Al (zi— i) — / A(z)dx
i=1 i=1 @
as n — 0o. Now this can be done along any axis, say y-axis. In this case we get the formula:
b
V= / A(y)dy.
a

Solid of Revolution: Consider the area between the function y = f(x),z € [a,b] and z-axis.
By revolving this area along z— axis, we obtain a solid which is called ”solid of revolution”. It
is easy to see that for this solid, the cross section is disc of radius f(x) and the area of cross

section A(x) is equal to 7[f(z)]?. Hence the volume is

v /abA(:c)dm _ ﬂ/ab £2(x)da.

For example, take a cone of radius r and height h. Then this cone can be obtained by revolving

y = 5 about x— axis between x = 0, h. Then the volume is

h,2..2 2
V_ﬁ/rxdx_m’h.
0

h? 3

Suppose the area revolved is bounded by two curves y = f(z) > 0 and y = g(x) > 0, with
f(z) > g(x). Then each cross section looks like washer with outer radius 7 (z) = f(z) and inner
radius ro(z) = g(z). The area of the cross section is 7(f2(z) — ¢%(z)). The volume of the solid

1S b b
Ven / (12 —12)(@)de = / (F2(x) — g (x))de.

If the revolution is performed about y axis. Then

b
V= F/ (F*(y) — g°(y)dy
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Example 2.0.5. The volume of the solid obtained by revolving the area bounded by y = x* and
y = /& about the x— awis.

Yoo

05|
! 710

7 -05
SO0 2
— axis of revolution

1oL/ 0.5 )
0l i 3

00 - g
0.3 0

==Yy

Solution: First we solve these two equation to find the interval of integration. Easy to see
that (real) solution of y = 22,y = \/z is z = 0, 1. Next we can see that y = /7 is above y = 2>

in this interval. Hence by above formula, the required Volume is

1
3T
V= —a2Hdr = ==
71'/0(1’ x%)dx 10

Volume by cylindrical shells:
A cylindrical shell is the region between two concentric cylinders of same height h. It is something
like top portion of ”Well” above earth surface. Let r1 be the radius of outer cylinder and ro be

that of inner cylinder. Then the volume of this shell is
V = 71'(1"% - r%)h = 2nryth,

where 7, is the average radius (r1 + r2)/2 and ¢ is thickness of shell.

Consider the solid generated by revolving y = f(z),a < x < b around the y-axis. We divide the
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interval [a, b] into n subintervals [x;_1, z;]. The volume V of the solid may be approximated by
the sum of the volumes V; of the shells between [x;_1, x;]. Each shell is approximately cylindrical.
Its height is f(x}), where z7 = (x;—1 + x;)/2, the mid point. Its thickness is (z; — xj—1)/2. Its

average radius is z7 . Hence its volume is
n n b
V ~ ZV; = Zwa:‘f(xf)(xl —Ti_1) — 277/ zf(z)dr asn — oo.
i=1 i=1 a
If the region is revolved about the x axis, then

b
V= / 2my f(y)dy.

Suppose the solid is obtained by revolving(about y axis) the area between two curves y = f(z)
and y = g(x) with f(z) > g(x). Then the shell height will be f(z}) — g(z;)*). Hence the volume
will be given by

b
V= 27T/ z(f(z) — g(z))dz.

Example 2.0.6. Find the volume obtained by revolving the area bounded by y = 2z> — x> and
y =0 about y axis.

Solution: The points of intersection of y = 0 and y = 2z — 2 are = 0,2. Height of the

shell is f(z) = 222 — 23. So the volume is

V= /0227rxf(x) = 27r/02(2:r3 —azt) = 16%

If we revolve the area about Arbitrary line parallel to axis , say £ = ¢. Then the radius of the
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shell be x — ¢ (or ¢ — x whichever is positive) instead of z. So the volume in this case is

b
V= / 2 — ) (f(x) — glx))d.

Similarly, if the region is revolved about = = d, then

b
V= / ar(y — d)(f () — 9(y))dy.

Example: Find the volume of the solid obtained by rotating the region bounded by y = 0 and

y = x — 2% about = 2. Solution: The points of intersection are 0 and 1. So the radius is

2 — z and height is  — 22. Hence the volume is
1 1 -
V= / 21(2 — z)(z — 2%)dex = 27r/ (23 — 322 + 22)dx = 5
0 0

Surface area of solids of revolution

Consider an object obtained by revolving a curve y = f(z),a < x < b about z-axis. We assume
that f is differentiable and f’ is integrable. We find the surface area of this by approximating
the surface by cylinders having the radius 71 on one end and 79 at the other end with lateral
height [. The surface area of such cylinder is QW%Z. Now we divided the interval into sub-
intervals [z;—1, z;]. Let L be the line segment connecting f(z;—1) and f(z;). Consider the small
cylinders with radii 1 = f(z;) and ro = f(z;—1). Then the surface area of this cylinder is
S; = 2w%|L|, where |L| is the length of line segment touching f(x;—1) and f(z;) .
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2
We note as in arc length, |L| is \/ 1+ <M> (x; — zi—1). Hence applying mean value

theorem, N
o, f@) + fmi)
S~ Z;ZW 5 L
 fl@i) + f(wic1) flzio1) = f(z))°
:27r; x 5 Lil \/1+< xxil_mi_lm ) (z; — xi_1)

b
o / F@)VI T (F(@))2da.

Example 2.0.7. Find the surface area of the solid obtained by revolving the curvey = vV4 — 22, —1 <

z <1 about x-axis.

— axis of revolution

—_—y=Va_x2
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Solution: This is the portion of the circle 2% + y* = 4 between [—1, 1].

b
S 27r/ F@)V1+ (F(2)2de
:27?/1\/4—:32 1+ z? dx

4 — g2
:27r/ dr = 4m
-1

If the curve is described as = = g(y), then we have:

b
S = 271/ yv 14 ¢ (y)%dy
a
Also, if the rotation is about the y-axis, the formula becomes,

b
S = 2%/ yV'1+ g (y)2dy.

Problem 2.0.6. Find the surface area of the solid obtained by rotating y = Jx, 1 <y <2

about y-axis.

—5 = axis of revolution

0z 3
1.0} 7 —_—y=Vx

(axes not equally scaled)
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Solution: Given curve is z = 3,1 < y < 2. By the given formula,

2 d 2
S_27T/ y31/1+(d$)2dy—27r/ y> /1 + 9ytdy
y:l y 1

9 2
=56 | 36tV oyldy = (14 9yt = (14577 — 1077
1

v=1" 97

27
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3 Improper Integrals

In the previous section, we defined Riemann integral for functions defined on closed and bounded
interval [a, b]. In this section our aim is to extend the concept of integration to the the following

cases:
1. The function f(x) defined on unbounded interval [a,o0) and f € R]a,b] for all b > a.
2. The function is not defined at some points on the interval [a, b].

We first consider
Improper integral of first kind: Suppose f is a bounded function defined on [a,c0) and
f € Rla,b] for all b > a.

Definition 3.0.1. The improper integral of f on [a,0) is defined as

00 b
/ f(x)dx = blim f(x)dx

a

If the limit exists and is finite, we say that the improper integral converges. If the limit goes to

infinity or does not exist, then we say that the improper integral diverges.

Examples 3.0.2.

< q b1 1
1./ —dr = lim —dr=1lm1l—--=1.
1

22 b—oo Jq 22 b—oo b

*  dz . b dx . y T
2. — = lim = lim arctanzjy = —.
0 1 + s b—00 0 1 + .'1’/'2 b—00 2

Theorem 3.0.3. Comparison test: Suppose 0 < f(x) < ¢(x) for all x > a, then

1. faoo f(@)dx converges if [7° ¢p(x)dx converges.

2. [ ¢(x)dx diverges if [° f(x)dx diverges.
Proof. Define F(x f f(t)dt and G(z f g(t)dt. Then by properties of Riemann inte-
gral, 0 < F(z) < G(.TU) and we are given that li)m G(z) exists. So G(x) is bounded. F' is

monotonically increasing and bounded above. Therefore, li_)m F(x) exists.
r—00

Examples 3.0.4.

1. fl Q(T Note that m % and floo i—g converges.

A °_dz. Note that TH > 2 on [1,00) and [~ z*dz diverges.

Definition 3.0.5. Let f € R[a,b] for allb > a. Then we say [;° f(x)dx converges absolutely if
[22f(x)|dz converges.
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In the following we show that absolutely convergence implies convergence of improper inte-

gral.
Theorem 3.0.6. If the integral f x)|dx converges, then the integral f f(x)dx converges.
Proof. Note that 0 < f(z) + |f(z)] < 2|f(z)|. So the improper integral [ f(z) + |f(z)|dx

converges by comparison theorem above. Also [ |f(x)| converges. Therefore, [ f(x)dz =
[ f(z) + | f(@)|dz — [ ] f(x)|dz also converges.

The converse of the above theorem is not true. For example take the integral f;o %dw This

integral does not converge absolutely. Indeed,

/oo |sin:L‘|dx _ i/(n+l)w |sin$’dx

(n+1)m
ngr /m | sin z|
o 1 T
S [ 2300

On the other hand, by integration by parts,

b b

. sin )
lim dxr = lim —d(1 — cosx)
b—o0 1 T b—o0 1 T

1— b1-
— lim <( cosb +/ CQOS.Z'dx)
b—oo b 1 T

It is not difficult to show that the limits on the right exist.

Examples 3.0.7.

sin x sinx * dx
1. / dz. Fasy to see that | | <| 3\ and/ — converges.
I 1z

2

e sin x

2 u/%n e *sinz first note that 1i 1. Therefore the integral i
. P ——— ere St note a m  ——— = 1. erejore e ntegrat 1S proper
o log(l+x) z—0 log(1 + ) J prop

at x = 0. For x > 10(say):

o0 —J,’2

e sinx
Hence the integral / _—
g 10 log(l + x)

Theorem 3.0.8. Limit comparison test: Let f(x),g(x) are defined and positive for all z > a

. flx)
and xli)rrolo m =

converges by comparison theorem.
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1. If L € (0,00), then the improper integrals [° f(x)dx and [° g(x)dx are either both con-

vergent or both divergent. i.e., faoo f(x)dx converges <— faoo g(x) converges.

2. If L =0, then [° f(x)dx converges if [° g(xz)dx converges. i.e, [ g(x)dx converges
= [ f(x)dz converges.

3. If L = oo, then [° f(x)dx diverges if [ g(x)dz diverges. i.e., [ g(x)dx diverges =
[ f(z)dx diverges.

Proof. From the definition of limits, for any € > 0, there exists M > 0 such that

f(x)

r>M = L—-—e<—F<<L+e
g(x)

Thus for > M, we have (L — €)g(z) < f(z) < (L + €)g(x).
Now in case (1), since L > 0, we can find € > 0 such that L — e > 0. Using the property 3, it is
enough to prove the convergence/divergence for z large, say > M. In this interval, we have
the comparison (L — €)g(x) < f(x) < (L + €)g(z). Now integrating this, we get the result.
In case (2), we have f(x) < (L + €)g(z). Again, integrate on both sides.
In case (3) by the definition, for every M > 0, there exists, R such that f(z) > Mg(x) for all
x > R. Now the result follows similar to (1) and (2).

Examples 3.0.9.

< dr f) *
1. . Tak = —~— and = —=. Then lim 2 =1 d/ d
/1 NeEw: ake f(x) 7 g(x) 7 en lim o) an 1 g(x)dx

diverges. So by above theorem, / f(z)dz diverges.
1

2. /1 157_:22' Take f(x) = H% and g(z) = LQ Then lim @ -1 (md/l g(z)dz

(e e]
converges. So by above theorem, / f(x)dx converges.
1

s /0 CO:ha;dx’ Let f(x) = &gz = % ~ ze ®. So choose g(x) = ze~*. Then
lim @ =92 and/ g(z) converges.
z—o0 g(x) 0

Improper integrals of second kind

Definition 3.0.10. Let f(x) be defined on [a,c) and f € Rla,c — €| for all € > 0. Then we
define

/acf(:c)dx = lim /_ F(x)de.

Then fab f(z)dz is said to converge if the limit exists and is finite. Otherwise, we say improper

integral f:f(:v)dm diverges.
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E le3.011. [ %y [ _y 201 — Ve) = 2
xample 3.0.11. ; \/E—Eg% E \/5—65% €) = 2.

Suppose ay, ag, ....a, are finitely many discontinuities of f(x) in [a,b]. Then

/abf(x)dx _ /a‘“ f(ac)al:r%—/ai12 f(x)dm+/a:3f(x)dm+ +/ai f(z)dw

If all the improper integrals on the right hand side converge, then we say the improper integral
of f over [a,b] converges. Otherwise, we say it diverges.
The following comparison and Limit comparison tests can be proved following similar argu-

ments:

Theorem 3.0.12. (Comparison Theorem:) Suppose 0 < ¢(z) < f(x) for all x € [a,c) and are

discontinuous at c.

1. If/ f(x)dx converges then/ o(x)dx converges.

C C
2. If/ ¢(x)dx diverges then/ f(x)dx diverges.

Theorem 3.0.13. (Limit comparison theorem:) Suppose 0 < f(x), g(z) be continuous in [a,c)

and lim,_,. % = L. Then

1. If L € (0,00). Then [ f(z)dx and [ g(x)dx both converge or diverge together.
2. If L =0 and facg(:z‘)dx converges then facf(:n)dx converges.
8. If L =00 and [ g(x)dx diverges then [¢ f(x)dx diverges.

Proof. From the definition of limit, for each € > 0, there exists 4 > 0 such that
x€(c—6,c) = (L—¢e)g(x) < f(z) < (L+€)g(x)

Rest of the proof follows in the similar lines theorems on first kind, by choosing ¢ < L.

Transforming improper integrals:

Sometimes improper integrals may be transformed into proper integrals. for example con-
3 dx 1

——————. Taking the transformation y = ,
~ J 1 \/E\/ 3—x & Y 3—x
get I = / Y This is an improper integral of first kind. Instead, if we choose the

1

/2 Y3y — 1

V2 2udu
transformation 3 — x = w2 then I = /
0o U

V3w

sider the improper integral I =

we

which is a proper integral.
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Remark 3.0.1. [t is important to note that the "symmetric” limit could be convergent but the

limit may not exist. For example,

€ dy Yde 1 1 1
li I =2 lim (55— 3.7
/1 a3 /1 a3 T a0 a3 +ezlin0 e, TS 2 51’22111“)(6% e%)’ (37)

where €1,e5 — 0 as n — oo. It is easy to see that if one takes €1 = ea, then the limit exits and
1s equal to 0. But if one takes €1 = ﬁ, € = %, then the above limit in (3.7) does not exist.
So through different sequences, we are getting different limits. By now, by our familiarity with

existence of limits, we say integral diverges.

Gamma and Beta functions:

Consider the Gamma function defined as improper integral for p > 0,
o
I(p) = / 2P le % dg
0

This integral is improper of second kind in the neighbourhood of 0 as zP~! goes to infinity as
x — 0 (when p < 1). Since the domain of integration is (0,00), the integral is improper of first

kind. To prove the convergence, we divide the integral into

1 00
T'(p) :/ xple’”dm—i—/ P le ™ dx
0 1

=0 + Iy
To see the convergence of I; we take f(z) = 2P~ le™® and g(x) = 2’71, then lim fgx)) =1 and
x—0 g X
1
2P~ 1dz converges. To see the convergence of I, take f(z) = zP~'e™® and g(z) = w% Then
lim f() = lim z?"?71e™® = 0 and I L dz converges. Hence by (2) of limit comparison

theorem, the integral converges.

Next we consider the Beta function defined as improper integral for p > 0,q > 0,

1
B(p,q) =/ P71 —2) e
0

If p > 1 and ¢ > 1, then the integral is definite integral. When p < 1 and/or ¢ < 1, this integral
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is improper of second kind at 0 and/or 1. To prove the convergence, we divide as before

1 1/2 1
/ P71 —2)T e = / P71 — 2)7 Yz + / P71 — 2)7 da
0 0 1/2

=1+ Is.
To see the convergence of Iy, take f(x) = #P~!(1 — 2)?~! and g(x) = 2P~!. Then lim @) =
20 g(x)
1/2
liH(l] (1—-2)7! =1 and / 2P~ dx converges. Similarly, for convergence of I, we take
T—

f(z) =2P71(1 — )71 and Og(a;) =(1—a)7 L

Some identities of beta and gamma functions:
L. (1) = [T e "de =1

2. T(a+1) =al(a).

Integration by parts formula implies,
o o0
MNa+1)= / e = —(x% ") |7 + a/ 2 te %dr = al'(a).
0 0

Therefore, I'(m + 1) = m! ¥Ym € N.

3. T(3) = V=
1\2 0o [0
(F(2)> :4/ / e e " dudv, take u=rcosf,v=rsinf,
0 0

oo pm/2 )
:4/ / e " rdrdd =
o Jo

4. B(m,n) = B(n,m). Substituting t = 1 — x in the definition of S(m,n), we get

1
B(m,n) = /0 "1 — )™ Ldt = B(n,m)

w/2
5. B(m,n) = 2/ sin?™ =1 g cos® 1 0df

0
Taking z = sin? 6 in B(m,n), we get

T /2
B(m,n) = / cos?™~2 9 sin*"~2 6 cos O sin Hdh = 2 / cos?™ =1 gsin?" 1 9dh.
0 0
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00 1
Problem: Evaluate (i) / ?BeVedr (i) / 23 (1 — V7)2da
0 0
For (i), take t = \/x, then the given integral becomes

[o¢] o0 1
/ M3 2tdt = 2/ e HTBdt = 2r(£) = ﬁF(l/S).
0 0 37727

For (ii), again take ¢t = y/z, then the integral becomes

I'(5)I(3/2) 512
I'(13/2) 3465

1
2/ 31 — ) 2edt = 2/754(1 — )24t = 25(5,3/2) = 2
0
Cauchy Principal Value:

Consider the improper integral I = fooo sinzdr. It is easy to see from the definition that

I = lim, (1 — cosa) which does not exist.Similarily, ff)oo sin zdr does not exist. But

Cc

lim sin xdx
c—oo J_ .

exists and is equal to 0. Though the improper integral does not exist, this symmetric limit

exists. This is called Cauchy Principal value of improper integral

Definition 3.0.14. The Cauchy Principal value of improper integral of first kind is defined as

CPV /_OO f(z)dz = lim /_I; f(z)dzx

R—o0

For the improper integral of second kind, with ¢ € (a,b) as point of discontinuity of f(x) as
b c—9 b
cPV / F)dz = lim / f@yde+ [ fla)da
a 0—=0 /g c+90

Examples 3.0.15. First kind: ffooo 22"t rdx for all n = 1,2,3,.... In this case it is easy to
a

check that h_{n 2" t1 = 0. But the the improper integrals I~ @ and ffoo 2" *1 does not
a o
—a

converge.
Second kind: f}l =@t gy forn=1,2,3,.... Simply evaluate

—€ 1
/ g @ntl) | / o (2ntD)
-1 €

to see that the the limit is 0.

Integrals dependent on a Parameter
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Consider an integral
b
I(a) = / f(z,a)dz

where the integrand is depend on the parameter «. At times we can differentiate under the

integral sign to evaluate the integral. It is sometimes not possible and leads to wrong assertions.

OOO sinz _ 5. It is easy to notice with change of variable formula,

oo sin(tx)

taking tx =y, that I = I(t) = |, —

integral, we get I'(t) = [;° cos(tz)dx = 0, which doesn’t make sense.

For example, we know that I =

= 5. Now differentiating this, taking derivative inside

Here we have a theorem, which explains under which conditions we can do the differentiation

under integral sign.
Theorem 3.0.16. Suppose,

1. Suppose f, %f(x,oz) are continuous functions for x € |a,b] and o in an interval of con-

taining ag.
d
2. |f(z,a)| < A(z), |d—f(x,0é)\ < B(z) such that a,b are integrable on [a,b]. If the domain
«

b b
in unbounded, then the improper integrals / Adx,/ Bdx converge.
a a

Then I is differentiable, and
b
d
I'(a) :/a %f(w,a)dx.

Proof. .
d o Ia+ Aa) — I(«)
o'W =48 T Aa
1T
:hmm [/a (f(z,a+ Aa) — f(z,a))dx

Now by Taylor’s theorem, f(z,a + Aa) — f(z,a) = Aa%f(x,a + 0A«). Since %f(x,a) is
continuous, we have %f(:n, a+0Aa) = % (z,a) + € where 0 <0 <1 and e — 0 as Aa — 0.
Thus

d b d

b
. d
do (@)= Jim [ oS a)+e= / o) (B )de

In fact the following holds.
Newton-Leibnitz Formula:
b(z)

b(@) qf
Let h(z) = f(x,t)dt. Then h'(x) = / —
a(x) a(x) dz

(z, t)dt + f(x,b(x))V (z) — f(z, a(x))a’(x)
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0 .
Examples 3.0.17. 1. Ewvaluate I(a) = ey 4

_1
1+a?”

x
By the above formula, I' (a fo e % cosaxdr =

Also 1(0) = fo e *sin0z = 0. Hence C = 0.

Therefore, I(«) = arctana + C'.

o0
2. Test the convergence and evaluate the integral / e2(t?=2%) cos(tx)dx.
0

11| < et2/2/ \e_xQ cos(tx)|dx < C/ e dy = §F(§)
0 0

Hence the integral converges. By Newton Leibnitz formula,

a
Il(t) = / 2= (¢ cos tx — wsin tx)dw
0

_/“3
_Oa{l/'e

142 .2y .
— 3= gin gt

(2=2%) gin tede

N

Therefore, I'(t) = limg—o0 I5(t) = 0. Now note that I1(0) = [J° e~ 2y = %F(l/Z).
Hence I(t) = /5.

3.1 Approximation of definite integrals

Suppose we are given a function f : [a,b] — IR that is integrable on [a, b] and has its Taylor series
in an interval containing [a,b]. Then we can approximate the definite integral using the Taylor
series. Let f(z) = > 72, ant™ for || < R. Then we know from the term- by-term integration
theorem,

t 0 t oo tn+1
z)dr = apxdr = an tl < R
| @ kzzo/o > anory

Example 3.1.1. Find the approximate value of the definite integral fol 22 sin(2?)dx with error
less than 1072,

We note that if the n'h term has k zeros in the first k decimals, then the approximation is

with error 1071,
1 ) ) 1 & pintd
A x Sln(ﬁl? )dl‘—/ (—1) m

1)n 4n+5

_Z (4n +5)(2n + 1)!

10

_ (=D"
_nZ_O (An+5)(2n + 1)!
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Hence
1 1 1 1

1
202y T L _
/0 TS = s - e TR
Since the 4th term has 4 zeros in the first 4 decimal places. So the approximation has error less
than 1074,

Application: A pendulum of mass m suspended by a inextensible string of length L is released
from initial position of angle « (from equilibrium position). Let 6 be the angular coordinate.

Then the quarter-period time 7/4 is given by

T \/g/oa <sin2(§) - sin2(§)>é a9,

sin(0/2)
sin(a/2)°

By taking the transformation 6 +— ¢ defined as sin ¢ = this integral is transformed to

/2 N
/ (1 — k%sin® ¢)"2d¢p, k = sin®(a/2).
0

This integral is an improper integral which is difficult to evaluate. We can use Taylor series to

find approximate value as described in the previous example.

Now suppose the function is not continuous but only integrable. Then we can still approxi-
mate the definite integral using Riemann sums. Recall from section 3.1, that if the function is

integrable then definite integral can be computed as

b n
[ f@do = 1w 3" r60n,
@ k=1

where &, € [zr_1, 2] and Axy = z; — xx_1. When we take equal partitions, we get Azy = b_T“.
We denote yo = f(x0),y1 = f(z1),....yn = f(zn). When we take & = z;_1 and & = z) we get
the sums

((yo+y1 + o + Yn—1) Az
(y1 +y2+ oo +yn) Az

Each of these sums is a Riemann sum and converges to definite integral f; f(z)dz when n — oo.

So we write Rectangular formula

b—a

b
/ f(@)dz = (yo+y1 + oo + Yn—1)

b b—a
/f(a:)dxz(y1+yz+....+yn) —
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These approximations involve the area of rectangles with sides xj_1x% and height y,_1 or yi .
Instead of taking the end points, we could take mid-points of the interval for ”better approxi-

mation” to obtain Trapezoidal Rule:

b
/ f(z)dx ~ (yo—;ylA:n—f— Yl —;mAm—}— et WAQC)
a

~ b—a <Z/0+Z/n

~ +y1+yz+---+yn1>
n 2

As the name suggests, the first two formulas involve the sum of areas of rectangles and trapezoidal
rule consists of areas of trapezoids. This is also seen as piecewise linear approximation of the
function y = f(z). (Explain Geometrically)!

We can also take quadratic approximation or with exact values at three points. Approxima-
tions like this and estimation of errors is part of Numerical integration theory which is beyond

the scope of this course.

Problem 3.1.1. Find the surface area and volume of the solid generated by infinite curve

y =21 2>1. Interpret the result.

y Volume = =
Area =00

Solution: The surface area and volume are given by

*1 1 1
S:27r/ —\/1+ —dz, V:ﬂ'/ —dz
1 T X 1 X

It is easy to see that the integral in S diverges. Indeed,

b b
1 1 1
/\/1+4dx>/ —dx.
1 X x 1 X

However, the integral for V' converges. This is sometimes described as a can that does not hold
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enough paint to cover its own interior. Of course, a finite amount of paint cannot cover infinite
surface. But if we fill the can with finite amount of paint we will have covered an infinite surface.

This is known as Painter’s paradox.



