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Point Estimation

Rahul Singh

Maximum Likelihood Estimation (MLE)

Motivation

Before we dive into the calculus, we must under-
stand the core philosophy behind Maximum Likeli-
hood Estimation (MLE). The principle asks a very
intuitive question: “Given the data we actually
observed, what are the most plausible parame-
ters of the population that produced it?”

Definition 1 (The Likelihood Function, L(6)).
Once the data is observed, we treat the data as
fixed constants and view the joint probability as a
function of the unknown parameter 6. Because the
samples are independent, their joint probability is
the product of their individual marginal probabili-
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ties,
L(O) = f(z1,22, ..., 20;0) = [ [ f(2::0).

1=1

Example 1 (Quality Control in Manufactur-
ing). Suppose you are inspecting a batch of new
smartphone batteries. You test 5 batteries at
random, and exactly 1 is defective. What is the
true defect rate (p) of the entire factory? Could
the defect rate be 99%7 It’s physically possi-
ble, but if it were, pulling 4 working batteries
out of 5 would be nearly impossible. Could it be
0.0001%? Also unlikely, because you found a de-
fect so quickly. Common sense dictates that the
most likely defect rate is % = (0.20. MLE is the
mathematical engine that proves our common-
sense intuition is formally optimal.

A coin: the probability of getting head

Consider there is a coin, but you do not know if it is
perfectly balanced or weighted. You decide to run
an experiment: you flip the coin n = 10 times, and
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you observe exactly x = 8 Heads and 2 Tails.

We know that the number of heads follows a Bi-
nomial distribution. The probability of observing
exactly 8 heads out of 10 flips is given by the Bino-
mial Probability Mass Function (PMF),

PX =5 |p) = (g )rh-p S = 155501

Here, the data (8 Heads) is fixed and already ob-
served. What is unknown is p, the true probability
of flipping a Head. The core idea of Maximum Like-
lihood Estimation (MLE) is to treat this probability

equation as a function of the unknown parameter
p, which we call the Likelihood Function,

L(p) = 45p°(1 — p)*

To find the most plausible value for p, we can plug
in different hypothetical values for p and see which
one yields the highest likelihood of producing the
data we actually saw.

Analyzing the Results:

e [f someone claims the coin is heavily biased to-
ward tails (p = 0.1), the probability of getting
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Table 1: Likelihood of observing exactly 8 Heads in 10 flips for various p.

Hypothetical Probability (p) | Likelihood: 45p%(1 — p)? | Likelihood L(p) value

0.1 45(0.1)%(0.9)? 0.00000036
0.2 45(0.2)3(0.8)? 0.000074
0.3 45(0.3)3(0.7)>2 0.00145
0.4 45(0.4)3(0.6)>2 0.01062

0.5 (Fair Coin) 45(0.5)%(0.5)? 0.04395
0.6 45(0.6)3(0.4)? 0.12093
0.7 45(0.7)3(0.3)>2 0.23347
0.8 45(0.8)8(0.2)? 0.30199
0.9 45(0.9)%(0.1)2 0.19371

8 heads is astronomically low (less than 1 in a
million). We can safely reject this hypothesis.

o [f someone claims the coin is perfectly fair (p =
0.5), the probability of getting 8 heads is still
quite low, at only about 4.4%.

e However, if we assume the coin has a p = 0.8
chance of landing on heads, the probability of
observing exactly 8 heads peaks at about 30.2%.

MLE simply formalizes this common-sense logic
using calculus. Instead of guessing values in a table,
we take the derivative of the likelihood function to
mathematically prove that p = 0.8 (which is exactly
1%) is the parameter that strictly maximizes the

likelihood of seeing the data we just collected.
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The Parameter Space (0)

The parameter space, typically denoted by the
capital Greek letter Theta (©), is the mathematical
set of all possible, valid values that the unknown
parameter (or vector of parameters) 6 can assume.

When we define a probability distribution, the pa-
rameters are inherently subject to logical and math-
ematical constraints. For example:

¢ Bernoulli and Binomial (p): The parame-
ter p represents a probability, which must be be-
tween 0 and 1. Therefore, the parameter space

is © = [0,1].

e Poisson and Exponential ()\): A rate of
occurrence or an average count must be strictly
oreater than zero. Therefore,

© = (0, 00)

e Normal (y,0%): The mean can be any real
number, but the variance must be strictly pos-
itive. Therefore, the joint two-dimensional pa-
rameter space is defined as

O ={(u,c%): —00o<p<o0,0°>0}
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Remark 1. (Connection to MLE) Defining the pa-
rameter space is critical because Maximum Like-
lihood Estimation is a constrained optimization
problem. When we attempt to find our estima-

tor 6, we are strictly searching for the maximum
likelihood within the boundaries of ©.

Remark 2. The standard approaches yield a crit-
ical point that falls outside of © (for instance, if
setting the derivative to zero mathematically sug-
gests a negative variance or a probability greater
than 1), we must reject that point. In such cases,
the true MLE will lie strictly on the boundary of
the parameter space.

Mathematical Approach

Let X, Xo,..., X, be a random sample of inde-
pendent and identically distributed (IID) observa-
tions drawn from a population with a probability
density function (PDF) or probability mass func-
tion (PMF) denoted by f(x;0), where 6 is an un-

known parameter (or vector of parameters).
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Definition 2 (The Log-Likelihood Function, (6)).
Multiplying many small probabilities leads to arith-
metic underflow and difficult calculus. Because the
natural logarithm is a strictly monotonically in-
creasing function, the 6 that maximizes L(0) will
also perfectly maximize In L(#). We define the log-

likelihood as

[(0) =In L(6 Zln (x40

Definition 3 (MLE). Let r = (x1,29,...,Tn)
represents our observed data (IID sample) vector,
the MLE @ is formally defined as

i = arg maxL(6 | ),
0eco
where the arg max operator returns the arqument
(the input 6) that produces the mazimum value of
the tfunction, rather than returning the maximum
value itself.

Because the natural logarithm is a strictly mono-
tonically increasing function, the parameter that
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maximizes the likelihood function L(6 | ) is math-
ematically guaranteed to be the exact same pa-
rameter that maximizes the log-likelihood function
[(0 | ). Therefore, the most common working def-
inition in modern statistical computing and algo-
rithmic implementation is

n
v = argmaxl(f | z) = arg maxz In f(x; | 0).

0coO sGNNI
Mathematically, Maximum Likelihood Estimation
is fundamentally an optimization problem. The
Maximum Likelihood Estimator (MLE) is defined
as the specific value of the parameter 6 that maxi-
mizes the likelihood function over the entire allow-

able parameter space ©.

Finding MLE, when L is differentiable function of 6

To find the maximum, we must perform two steps
from calculus.

1. First Derivative (The Score Function):
We take the first derivative with respect to 6 and
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set it to zero to find the critical points, that is,

0
5 @l (0) =0
2. Second Derivative (Concavity): Setting
the first derivative to zero only guarantees a flat
slope (which could be a minimum, a maximumn,
or an inflection point). To mathematically prove
that our estimator 6 is a global maximum,
we must show that the log-likelihood function
is strictly concave. We do this by proving the
second derivative is strictly less than zero for all
valid parameters, that is,
32
@l (0) < 0.
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MLE for Discrete Distributions

A. Bernoulli Distribution

Let Xq,..., X, ~ Bernoulli(p). PMF: P(X =
z) = p*(1 —p)=7 for x € {0,1}.

1(p) = (3 wi) n(p) + (n— Y 2;) n(1 - p)
ol > wj n—) 2T _ g

dp p 1—p
Second Derivative Check:

01 DL n— )

Op? p* (1= p)
Since x; > 0 = > x; > 0, and the sample size
n > > _x;, both terms are strictly negative. Thus,
2’1
ap?

< 0, confirming p = X is the global maximum.

B. Binomial Distribution

Let X1,..., Xy, ~ Binomial(k, p), where k is the
known number of trials per observation.

I(p) = C+ (Y wi) n(p) + (mk = > ;) In(1 = p)
3[_2@; mk—in_ A_Z%_X
op  p - 1—0p =0 =»r= mk  k
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Second Derivative Check:

01 > ox;, mk—> x;

92 3 7 <V

Op p (1-p)
Since the maximum possible value for )~ x; is mk,
the numerators are non-negative, making the entire

expression strictly negative.
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