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Moment Generating Function (MGF)

The moment-generating function (MGF) is a powerful tool in probability theory that encapsulates
all moments of a random variable in a single function. It is used to derive moments, identify
distributions, and establish convergence properties.

Motivation: We know that Taylor series expansion of ef is given by
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Definition 1. For a random variable X, the Moment Generating Function (MGF), denoted Mx (%),
is defined as the expected value of e!X, for all real numbers ¢ for which the expectation exists.

M (t) = E[e"]
e For discrete random variables: Mx(t) =Y e"P(X = x)
e For continuous random variables: Mx(t) = [*_ e fx(x)dx

The Moment Generating Function (MGF) is a general tool applicable to both discrete and
continuous random variables.

Theorem 1. If X and Y are independent random variables, the PGF of their sum, Z = X +Y, is
the product of their individual PGFs, that is,

Moy (t) = My (t) - My (t).

Theorem 2 (Existence and Uniqueness (without proof)). If Mx(t) exists for t in some interval
around 0, it uniquely determines the distribution of X.



Theorem 3 (Moment Derivation). The k-th moment of X is given by

k dk
E[X"] = ZeMx(t)] .

Remark 1. If MGF exists for a random variable X, then E[X] = M%(0), E[X?] = M%(0).

Theorem 4 (Linearity). For constants a and b and random variables X andY (if the MGF's exist),
Myx4(t) = " Mx(at) (for a single variable),
and if X and'Y are independent,
My 1y (t) = Mx(t) - My(t).

Theorem 5 (Convolution and Sums). The MGF of the sum of independent random variables is
the product of their MGFs, facilitating the analysis of combined distributions.

Properties of the MGF

(i) Generating Moments: The k-th raw moment, E[X*], is obtained by finding the k-th
derivative of the MGF and evaluating it at ¢t = 0.

E[X*] = M{(0)

For example, E[X] = M%(0) and E[X?] = M¥(0). The variance is then found using Var(X) =
M5(0) = (M (0))*.

(ii)) Uniqueness Result: If the MGF exists in an open interval around 0, it uniquely determines
the probability distribution. This is a powerful property used to identify distributions.

(iii) Linear Transformations: For a linear transformation Y = aX + b, the MGF of Y is,

My(t) A E[et(aX+b)] - eth[eatX] _ ethX (at)

(iv) Sum of Independent RVs: If X and Y are independent, the MGF of their sum is the
product of their individual MGFs.

My () = Mx(t) - My (t)

Applications of MGF's

e Proving the Central Limit Theorem: The MGF of a standardized sum of independent,
identically distributed random variables converges to the MGF of a standard normal distri-
bution.

e Convolution of Distributions: Calculating the distribution of a sum of random variables
is simplified by multiplying their MGF's instead of using convolution integrals.



Example 1 (Bernoulli distribution). The PMF is P(X =0) =1 —p, P(X = 1) = p. The
MGF is

1
Mx(t) = e“px(z) =€ (1—p)+ e -p=(1—-p)+pe
2=0
- Moments:
- First derivative: M4 (t) = pe', so E[X] = M%(0) = p,
- Second derivative: M¥(t) = pe', so E[X?] = M%(0) = p,
- Variance: Var(X) =p—p? = p(1 — p).

This confirms the mean and variance derived earlier.

Example 2 (Exponential Distribution). Let X ~ Exponential()\), with PDF f(z) = e *
for x > 0. The MGF is:

Mx(t) = E[e"X] = / e e da
0

)\/OO == dy
0
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This integral converges only if t — A <0 = ¢t < \.
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Finding the Mean and Variance

o My(t) =2 (A 1)) = A~1)(A — 1)2(~1) = 525 EIX] = My(0) = 3 = &

Tt

o My(t) =5 AN =172 = A=2)(A = )(-1) = 5 BIX?| = M (0) = 55 = 3%

o Var(X) =E[X? — (E[X])? =% - (1)’ =%




Table 1: Discrete distributions’ summary

Distribution Notation PMF P(X =k) Mean Variance MGF Mx(t)
. . P, k=1 ¢
Bernoulli X ~ Bernoulli(p) p p(1—p) (1 —=p) + pe
1—p, k=0
Binomial X ~ Binomial(n, p) (MpF=p)*, k=0,..., n np np(1 —p) (1 =p) +pe)"
2TANK
Poisson X ~ Poisson(\) ¢ o k=0,1,... A A exp(A(e' — 1))
. . - 1 1-p pet
-~ Vel ko . I _ _
Geometric X ~ Geometric(p) (1=p)*tp, k=1,2,... » 7 = t<—In(l1-p)
. 1- (1— .
Negative Binomial X ~ NegBin(r, p) ("*;’l)pr(l —-p), k=0,1,2,... r(t—p) ( > ?) <ﬁ) , t < —In(1—p).
p P
Uniform Discrete X ~ UnifDis({z1,...,2,}) m, k=x1,..., 2, Ly Lymiat—- (230, 1’1)2 Ly et
Uniform Discrete X ~ UnifDis({1,...,m}) 1/m, k=1,..., m (m+1)/2 (m? —1)/12 Ly et

Table 2: Continuous distributions’ summary

Distribution Notation PDF fx(x) Mean Variance ~ MGF Mx(t)
L f < < b t a
Uniform X ~ Uniform(a, b) o DOOSTE0 ghg)2 (b—a)?/12 D=t 40
0, otherwise. (b=a)
e A if >0
Exponential X ~ Exponential(\) D Y ~08 /A /22 2o t< A
0, otherwise.
z—p)2 242
Normal X ~N(p,0?) \/21—7”76_( = , —00 < x <00 I o? ettt s
.2 2
Standard Normal Z ~N(0,1) \/%7@‘7, —00 < 2 < 00 0 1 e

Theorem 6. Let X ~ N(ux,0%) andY ~ N (py, oy) be two independent random variables. Then,
their sum, Z = X + Y, is also normally distributed, specifically Z ~ N (ux + py,0% + 0%).

Proof. Step 1: MGFs for X and Y
The MGF of a normal random variable X ~ N'(u,0?) is given by the formula:

1
Mx(t) = exp (/uf + 502t2>

Using this formula for our independent random variables X and Y, MGFs are

1 1
Mx (t) = exp (uxt + 50?@52) and My (t) = exp ([Lyt + 50%#)

Step 2: MGF of 7 =X +Y

Since X and Y are independent, the MGF of their sum Z = X +Y is the product of their individual
MGPFs.

My(t) = My (t) My (t)

— ox 15 Ly
= exp /,LXt—i-zaXt - exp uyt—l—Qayt



Using the property of exponents, e%e® = e**?, we can combine the terms:

1 1
Mz(t) = exp ((uxt + 5% t") + (pvi + 50@52))

1
= exp ((MX + py )t + §(J§< + U%)tQ)

Step 3: Distribution of 7

By comparing the derived MGF, Mz(t), with the general form of the MGF for a normal distribution
from Step 1, we can see they are identical in form. The MGF My(t) matches the MGF of a normal

distribution with:
Mean puz = pux + py

Variance o3 = 0% + 0y

By the uniqueness theorem for MGFs, if two distributions have the same MGF, they must be the

same distribution. Therefore, Z = X + Y is a normally distributed random variable.

Z ~ N(pux + py, 0% + ov)

Example 3. Let X ~ Binomial(n,p) and Y ~ Binomial(m, p) be two independent random
variables. Then, their sum, Z7 = X + Y, also follows a binomial distribution, specifically
Z ~ Binomial(n 4+ m, p).

Proof using Moment Generating Function (MGF)

1. MGF of a Binomial RV: The MGF of a random variable X is defined as Mx(t) =
E(e!*). For a binomial random variable X ~ Binomial(n,p), the PMF is P(X = k) =
(Z)pk(l —p)"*for k=0,1,...,n. Thus, the MGF for X is:

By the binomial theorem, 7, (7)a"0" ™" = (a + b)". Letting a = pe’ and b =1 — p, we get:
Mx(t) = ((1 —p) + pe")"

2. MGF of X +Y: Given that X and Y are independent, the MGF of their sum Z = X +Y
is the product of their individual MGF's.




My(t) = Mx(t) My (t)
= ((1=p) +pe")" - (1 —p) +pe")™
= (1 =p) +pe)™r
3. Conclusion: The resulting MGF, Mz(t) = ((1 — p) + pe')"™™, is the MGF of a binomial

distribution with parameters n + m and p. Since the MGF uniquely identifies a probability
distribution, we can conclude that Z ~ Binomial(n + m, p).

Optional

Mixture Distribution

A mixture random variable is one whose distribution is a mixture of other distributions. This often
arises when a random variable is chosen from a set of different types, each with its own probability.

Example 4. Consider a factory where items are produced by two different machines, Machine
A and Machine B. Machine A produces items with a defect rate of p 4, and Machine B produces
items with a defect rate of pg. The factory uses Machine A with probability ¢ and Machine
B with probability 1 —¢q. Let X be the number of defects in an item produced by a randomly
chosen machine. X can be modeled as a mixture of two Bernoulli distributions.

P X4 ~ Bernoulli(ps) with probability ¢
Xp ~ Bernoulli(pg) with probability 1 — ¢

Finding the MGF of the Mixture Distribution

The MGF of the mixture variable X is the weighted average of the MGFs of the component
distributions.
Mx(t) = q- Mx,(t) + (1 —q) - Mx,(?)

The MGF for a Bernoulli variable B ~ Bernoulli(p) is Mp(t) = (1—p)e!®+pel!t = 1 —p+pel.
Therefore, the MGF for our mixture distribution is:

Mx(t) = (1 — pa +pae’) + (1 — ¢)(1 — ps + ppe’)

This is a key application of MGFs in understanding the overall behavior of a system with
multiple component behaviors.




Finding the Mean of the Mixture Distribution

We can find the mean of the mixture distribution by differentiating its MGF and evaluating
itatt=0.

M (t) = q(pae’) + (1 — q)(pae")
E[X] = M%(0) = q(p4€®) + (1 — q)(p5e°)
=qpa+ (1 —q)ps

This result makes intuitive sense: the overall defect rate is the weighted average of the defect
rates of the two machines.

Example 5 (Neither discrete nor continuous). Let X be a random variable representing the
payout amount for an insurance policy. The cumulative distribution function (CDF) of X,
denoted by Fx(z), is a mixed distribution consisting of a discrete part and a continuous part.

0 itz <0
Fx(x) = < wy ifz=0
wo + (1 —wo)Fe(x) if x> 0.
Here wy is the probability of a zero payout (no claim), and F(z) is the cumulative distribution

function of the continuous random variable for positive payouts. For example, if we model the
positive claims with a continuous random variable C' that follows a log-normal distribution,

the continuous part of the CDF would be F(z) = @ (%) for > 0.

Optional

Probability Generating Function (PGF)

Definition 2. The Probability Generating Function (PGF) is a tool for analyzing discrete random
variables taking non-negative integer values. For such a random variable X, the PGF, denoted by
Gx(t), is a function of a real ¢ defined as the expected value of .

o0

Gx(t) =E[t*] = > #P(X =)

=0

This power series representation conveniently encodes all the probabilities of the distribution,
with the coefficient of t* being the probability P(X = z).

Remark 2. The PGF is simply a probability distribution compressed into a function. The coeffi-
cients of the polynomial (or power series) expansion of G'x(t) give the probabilities.

Theorem 7. If X and Y are independent random variables, the PGF of their sum, Z = X +Y, is
the product of their individual PGFs, that is,

Gxiy(t) = Gx(t) - Gy (b).
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Proof. Observe that
Gxiy(t) =EE™) =E@* - tY).

Since t¥ is a function of X only and #¥ is a function of ¥ only, using independence and Theorem
3 in Topic 8, we have

Gxiy () =Bt -tV) =EWt) -E(tY) = Gx(t) - Gy (t).

Properties of the PGF

(i) Normalisation: Substituting ¢ = 1 into the PGF gives the sum of all probabilities, which
must equal 1.

Gx(1) =) (I)P(X =2)=) P(X =x)=1

This can be used to find unknown constants in a PGF.

(ii) Generating Probabilities: The probability mass function can be recovered from the PGF
using its derivatives.

_ GR0)

R

For example, P(X = 0) = Gx(0) and P(X = 1) = G'%(0).

P(X = k)

(ili) Finding Moments: The PGF can be used to find the factorial moments of X.

e The first derivative evaluated at ¢ = 1 gives the mean.
E[X] = Gx(1)
e The second derivative evaluated at ¢ = 1 gives the second factorial moment, E[X (X —1)].
E[X(X —-1)] = Gx(1)
The variance can then be found using the identity:

Var(X) = E[X?] — (E[X])* = E[X (X — 1)] + E[X] — (E[X])* = G% (1) + Gx(1) — (G (1))*

(iv) Uniqueness: The PGF uniquely determines the probability distribution. If two random
variables have the same PGF, they must have the same distribution.

(v) Sum of Independent RVs: If X and Y are independent random variables, the PGF of
their sum, Z = X + Y, is the product of their individual PGFs.

Gxiy(t) = Gx(t) - Gy (t)



Example 6 (Poisson Distribution) Let X ~ Poisson(\), with probability mass function

P(X = k)= < for k=0,1,2,.... The PGF is:
2, ek
Gx(t) =Bt => ¢ o
k=0
oo
=) k!
k=0
— oA
— A-D)

Finding the probability from the PGF

tl)—)\etl)

G (¢

) t
P(X =1) = G%(0) = Ae}0™D = )2
Next G%(t) = d G (t) = %P\GA(tl)] — 2D
P(X =2) =G”( )/2! = A2X07D /21 = =222 /21,

Finding the Mean from the PGF

d
GiX(t) _ _6)\(15—1) _ /\ek(t—l)
dt

E[X] = G’ (1) = xeM7D = \el = )

This confirms that the mean of a Poisson(\) distribution is A.

Relationship between PGF and MGF

For a discrete, non-negative integer-valued random variable X, the MGF and PGF are directly
related by the substitution ¢ — e in the PGF.

Mx(t) = E[e™] = E[(e")"]

= Gx(e')
Conversely, using tX = e°¢)X we have
Gx(t) = E[t¥] = E[elce ]
= Mx(logt).

Applications of PGFs

¢ Queueing Theory and Stochastic Processes: PGF's are used to analyze the number of
arrivals or customers in a system over time.
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¢ Branching Processes: They are fundamental for studying population growth models where
individuals reproduce independently.

Comparison Summary

Feature

Probability
Function (PGF)

Generating

Moment Generating Func-
tion (MGF)

Applicable to

Discrete RVs on non-negative
integers only.

Both discrete and continuous

RVs.

Definition

Gx(t) = E[t*]

Mx(t) = E[GtX]

Moment Generation

Factorial moments via deriva-
tives at ¢t = 1.

Ordinary (raw) moments via
derivatives at t = 0.

Uniqueness PGF uniquely determines dis- | MGF uniquely determines dis-
tribution. tribution (if it exists).
Existence Always exists for t € [—1,1]. May not exist for all ¢.

Sum of Independent RVs

Gxiy(t) = Gx(t) - Gy (1)

My (t) = Mx(t) - My (¢)

Relationship

For integer-valued X, Gx(t) =
MX (ln t) .

MX(t) == Gx<€t>.
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Disclaimer

This lecture note is prepared solely for teaching and academic purposes. Some parts of the mate-
rial, including definitions, examples, and explanations, have been adapted or reproduced from the
references. These notes are not intended for commercial distribution or publication, and all rights
remain with the respective copyright holders.
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